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ABSTRACT
Knowledge of the thermal response characteristics of the ground heat exchanger
(GHX) in the early stage of a step heat input is essential for the design or simulation of
ground source heat pump systems (GSHP). Recently this has assumed even a greater
importance as the building cooling loads dominate in many regions due to the general
warming trend and there is an urgent need for developing hybrid systems.

In an

operating GSHP system, the heat flux across the borehole boundary builds up gradually
as the rise of the fluid temperature is dampened by the thermal mass of the aggregate
fluid. Currently analytical models are based on the assumption of steady heat flux across
the borehole boundary. Further, the thermal capacity of the fluid is also not considered.
Consequently these models have limited usefulness for predicting the early stage
behavior.
In this dissertation, the lack of adequate models has been specifically addressed
using two distinctly different approaches. First an e-tube representation has been
developed to represent the U-tube geometry. A classical analytical solution has been
adapted to model the temperature response of the fluid directly. Since this solution is
limited to only homogenous media, a method has been outlined to overcome the
difficulties when the grout envelope is present.

In an alternative approach, Laplace

domain solutions have been obtained for the grouted boreholes. Both the average fluid
temperature and borehole boundary temperature have been obtained using the GaverStehfest numerical inversion algorithm from these solutions.

Both sets of solutions

xiv
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compare very well with results from finite element modeling. Fluid and ground
temperatures have been monitored for a large real GHX for over a year in an effort to
further validate the solutions experimentally.
The effect of changing the tube spacing ratio of the U-tube geometry in different
media on the fluid temperature has been studied in detail. It is observed that with the
appropriate values of a dimensionless variable (Biot no.), results from both the analytical
and the semi-analytical solutions agree closely with the results of the FE models of the Utube geometry if the spacing ratio between the two legs is below a threshold value. Under
identical fluid flow conditions, the threshold is higher in a medium with higher thermal
conductivity. Direct measurement of the thermal conductivity was limited only to the top
layer of a multi-strata subsurface ground. The ground temperature data was analyzed to
derive the undisturbed ground temperature and extend the thermal conductivity
measurements. The average water temperature data from the field observation did not
match the modeled values, possibly due to several assumptions made in modeling the
physical configuration from the real system data Availability of the numerical and
analytical solutions open up new dimension for system simulation and design of hybrid
systems These models also provide an opportunity to use the early time borehole
temperature data from thermal response test rather than fluid temperatures, to obtain a
quicker, more accurate evaluation of ground thermal properties.

xv
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CHAPTER 1
INTRODUCTION
Comfort conditioning at home or at workplace shields the occupants from the
variations of the outdoor weather conditions and creates a pleasant and agreeable indoor
environment.

This is achieved by bringing in the fresh air for ventilation, and by

removing or adding heat to maintain the indoor air at a preset temperature level. Though
several options exist for heating the air, the universal choice for cooling the air is to use a
refrigerant in the vapor compression cycle. The compressed refrigerant vapor undergoes a
phase change after it passes through the expansion device. The liquid removes the heat
from the air in the indoor coil, turns into a vapor that is compressed and becomes hot
again. The heat from the vapor is transferred either to the ambient air or to the water in a
closed loop in the outdoor coil, and the cycle is completed. The efficiency of such a
system depends on the temperature of the entering media in the outdoor coil as can be
seen from the heat pump cycle in Figure 1.
A heat pump is a system for moving heat from one place to another. For heat
pumps, the measure of efficiency is the coefficient of performance (COP) that is
essentially the ratio of the desired cooling/ heating output i.e., heat removed or added in
the indoor coil to the work input for compression, and is given in Equation (1.1).
C O P Hea.in g =

and

Qh

C O P Cool,ng =

Qc

^

( 1 .1 )

Q c1

1
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Figure 1: Pressure -Enthalpy Diagram of a Heat Pump
It is evident from Equation (1.1) that for the same work input, the COP is always
higher in the heating mode than in the cooling mode. Most important is that the COP
depends on the degree of separation of the two horizontal process lines of refrigerant
evaporation and condensation. COP is high when the two lines are close to each other
i.e., the work input is disproportionately reduced vis-a-vis the changes in the desired
effect. This is evident from the cooling performance curve of a typical heat pump (Figure

2).
In the building simulation programs, an algebraic expression is often used to
compute the effect of changing the entering water temperature (EWT) on the building
energy programs. Purdy and Morrison (2003) used the following expressions to calculate
the energy efficiency ratio (EER):
EER = EERSS ■(

■EWT2)

2

Dduced with permission of the copyright owner. Further reproduction prohibited without permission.

( 1.2 )

where
a EER

= 1 0 6 3 9 6 , bEER= - 0 .0 0 6 0 7 , cEER = - 4 .4 4 9 8 x 1O '5

and
COP = COPss • (acop + bCOP • EWT + cC0P ■EWT )

(1 *3 )

where,
acop = 1 .0 0 0 9 8 , bC0P = 0 .0 1 7 5 6

,

ccop = -0 .0 0 0 1 1 *3

Figure 2: Typical COP Curve of a Heat Pump
For the same desired heat removal effect, less electric energy would be used if the
entering temperature of the heat transfer fluid is lower. The ground source heat pumps
use this fact to save electric energy by using the shallow ground as the thermal reservoir.
Below a thin top layer of soil with seasonal temperature variability, the shallow ground
remains at constant temperature throughout the year. The constant ground temperature
normally is equal to the average air temperature for the location. A ground temperature

3
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curve computed for Grand Forks using a well known relationship (Kusuda and
Achenbach, 1965) is shown in Figure 3.

Temperature (Degrees F)
0

20

40

60

80

Figure 3: Typical Ground Temperature Variation with Depth
Types of Heat Pump Systems
When the heat transfer fluid used in the external coil is the outside air, the heat
pumps are air source heat pumps (ASHP). ASHPs are less expensive, but also less
efficient than the heat pumps that use a fluid as the external heat transfer media and use
an open water body or the subsurface environment as the thermal reservoir. If a water
body is used, then it is a water source heat pump (WSHP). The ground source heat pumps
(GSHP) may use the ground below either directly or use the flowing groundwater. The
latter variety includes open loop groundwater systems with separate extraction and
injection wells and also the standing column well systems that recirculate the water from
a single well as the common extraction and injection well. These systems again can be
classified either as a closed system or an open system. In the cold weather areas, to avoid
freezing in the pipes, the heat carrier fluid used is a water and antifreeze mixture.
4
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Inevitably such systems are closed systems. In such situations, if groundwater is used,
then two circuits are isolated by using a plate heat exchanger. Open loop systems require
more maintenance than closed loop systems and are used in larger installations in sites
with subsurface aquifers at reasonable depth. The aquifer should have adequate
permeability, to allow pumping of the groundwater at the desired flow rate with little
drawdown. Additionally the groundwater quality is examined so that problems of pipe
corrosion, scaling or fouling are avoided.
When only the ground is used as the thermal reservoir, the systems are closed
systems with the recirculating heat carrier fluid exchanging heat in the heat pump
external coils as well as in the ground heat exchangers (GHX) at the same time. The heat
exchangers pipes can be either laid horizontally a few meters below ground, or may be
buried vertically deep inside the ground. The horizontal ground heat exchanger also is
laid either in a snakelike fashion (a series connection) or in a parallel circuit.
In the USA sometimes a flattened, overlapped plastic pipe in spiral form called
the ‘slinky’ coil is placed horizontally in a wide trench or vertically in a narrow trench.
This leads to a compact installation requiring less land surface area and reduced trenching
cost as more heat transfer surface is created in a smaller volume, requiring less land area
and shorter trenching.
The vertical GHXs (called borehole heat exchangers in Europe) create a much
larger heat transfer surface in a smaller land area by extending the subsurface
environment in the vertical direction. In larger installations, they are the preferred choice
as they have several advantages over their horizontal counterpart viz., well understood
parameters of predictable performance due to nearly constant ground thermal properties,

5
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heat transfer augmented by flowing groundwater (though not always) etc. In the vertical
GHXs, the heat exchanger pipes are installed in the boreholes, and depending on the local
ground water regulations, either the hole is filled completely with a sealing material
called grout or a grout plug is used only for the top portion to prevent surface water
contamination. The heat exchanger pipes are usually either a U-tube assembly or two
coaxial pipes. For the U-tube assembly, normally two pipes are placed in the borehole
connected at the bottom by a hairpin bend, and often separated by spacers. In Europe,
sometimes double U-tubes may be placed in a single borehole creating more heat transfer
area. Coaxial pipes use an inner pipe as the inlet and the annulus between the two pipes
as the return path. Complex sections of a single inner pipe with several small peripheral
pipes have also been used in Europe The annual break up of different type of heat pump
systems installed in the USA is given in Table 1.
Table 1. Geothermal Heat Pumps Installed Annually in the USA
Types of Pumps
Vertical closed Loops
Horizontal closed Loops
Open Loops
Others
TO TAL

% Installed
46
38
15
1
100

Number Installed
Annually
36, 800
30, 400
1 2 ,0 0 0
800
80, 000

Source: Lund et al., 2004
Market Penetration
The ground-source heat pump (GSHP) system is a unique “green” energy
technology that is rapidly penetrating the space conditioning markets in both the
residential and commercial building sectors of the developed countries in a carbonconstrained world. In the early stages of adoption, during the development, demonstration
and market “seeding” phase it required state and institutional support and resources.
6
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Currently in the mature phase, the industry stands fully market driven. Growing
realization of ‘climate change’ is leading to spurted market growth in many countries. It
was reported in 2004 that in the USA the number of GSHP system installed has grown
12% per annum over the last 10 years (Lund et al., 2004). A remarkable market growth of
45 % has been achieved in Austria in 2006 (Austrian heat pump association, Press
release, 2007). In 2004, compared to 75,500 units sold in the USA, 125,000 units were
sold in Europe indicating doubling of the market in the previous four years. The total
number of current installations in the USA has been estimated at 1.2 million.
Research Perspective
After a lull in the sixties, research activities in the GSHP increased in the late
seventies as there was renewed interest after the oil crisis. Two institutions that took the
lead in research in GSHP are ORNL (Oak Ridge National laboratory) at Tennessee and
Oklahoma State University at Stillwater (okstate.edu). ORNL’ s recent activities in this
area have focused on the development of a low cost ground heat exchanger based on
solid -water -sorbent technology. Oklahoma State University is currently leading the
research in the area of hybrid GSHPs that use a supplemental heat rejecter during the
summer peak load to keep the EWT under the target minimum level.
Spitler (2005) summarized that the future research in GSHP would be in the
following areas:
•

Hybrid GSHP systems and development of optimal control strategies.

•

Development of low cost methods for estimating ground thermal
properties.7

7
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•

Development of more cost effective borehole heat exchangers through
superior design

«

System simulation method for horizontal GSHPs.

The present research aims at improving the current understanding of the heat
transfer in the GHX both in the shorter time frame of hours and days and also in the
longer time frame of years.
Research Motivation
A new large space conditioning facility with many heat pumps and a large vertical
GHX was commissioned on the University of North Dakota Campus in 2004. In North
Dakota cold weather conditions, the annual full load hours for heating has been estimated
to exceed the full load hours for cooling by approximately three times and the GHX was
expected to operate in an unbalanced mode. Further, due to the limitations on available
space - the borehole field was somewhat congested. A preliminary calculation based on
the guidelines published by ASHRAE (2003) showed that under such operating
conditions, there may be a gradual reduction of ground temperature over the long term
leading to reduction of the COP of the heat pumps and increased energy consumption.
To study this effect, it was planned to monitor the temperature at some key points
in the ground around a few boreholes in the field for over a decade. At the same time, it
was planned to record the fluid temperatures in the heat pump loop and the GHX loop to
quantify the heat extracted from and rejected in the GHX. It was proposed that the ground
thermal properties would be measured and a model would be developed with appropriate
input parameters such as fluid properties, flow rates, borehole depth, diameter, spacing8

8
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etc., and explain the observed behavior of the ground temperatures and fluid
temperatures.
Necessary instrumentation for the ground temperature monitoring was put in
place in December, 2005 and ground temperatures at several points inside the ground at
one hour interval have been monitored since then. Starting from the second heating
season (2005/6) the water entering and leaving temperatures were also recorded at six
minute interval. The data gathered was examined initially and it was realized that the
existing GHX analytical models may not be useful for modeling the short term thermal
response. The building is a commercial building and hence the conditioning set points are
adjusted for unoccupied mode operation from 6 PM to 6 AM. Thus the heating loads for
the building peak at the early morning hours in the winter, and the cooling loads peak in
the late afternoon. The water temperature responds to this discontinuous operation and a
slow and gradual flux build up across the borehole boundary. Because the GHX is built in
Lake Agassiz clay, it has a very low thermal conductivity and also very low diffusivity.
This makes the flux build up stage (across the borehole wall area) a slow process. The
existing analytical models are all built on steady flux assumption. Thus this research was
directed primarily towards development of suitable analytical and numerical models for
modeling the short term response, and validation of existing models for the long term
response.
Dissertation Outline
This dissertation has ten chapters. In chapter 2, an outline description of the HP /
GHX system under study is presented. Chapter 3 is the literature survey of past work on
analytical modeling that begins with the classical line source solution developed by Lord
9
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Kelvin in the late nineteenlh century to the latest research work published early 2007. In
chapter 4, we discuss previously developed numerical models, initially with Finite
Difference methods, and Liter with Finite Element technique. In chapters 6 and 7, the
analytical and semi-analytical models developed through our research are presented,
while in chapter 5, the FE models developed as an adjunct to validate the results from
analytical and semi-analytical models are described. Chapter 8 gives the details of the
experimental procedure for the measurement of thermal properties of the ground, the
measurement results and a discussion on the geology of the medium. Finally, in chapter
9, the findings on the ground temperature trends and thermal response of the fluid as well
as comparison of the observed data with the model results are discussed. Chapter 10
concludes this dissertation. The two appendices that follow the chapters include
description of nomenclature: (Appendix A) and listing of the heat pumps (Appendix B).10
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CHAPTER 2
GHX AND HEAT PUMP SYSTEM DETAILS
The GHX and the heat pump system were installed to serve the space
conditioning needs for a new building constructed in 2003-4 at the Energy and
Environment Research Center (EERC) on the University of North Dakota campus at
Grand Forks, ND. Grand Forks has a rather severe winter, and using low grade
geothermal energy for home heating and opportunistically using the low ground
temperature after the winter heat extraction to reduce the EWT in the heat pumps during
the summer time is an economically attractive proposition. Several other eco-friendly
features were incorporated in the design and construction stage of this building. The
details of the 43 heat pumps with an aggregate cooling capacity of 110.4 tons are given in
Appendix-B. The units are constant volume units with its own controller taking control
signal from the zone theiTnostat. During the normal occupied hours, the fans run
continuously and the compressors operate as required to maintain the zone thermostat set
point. In the unoccupied mode the fan and compressor operate periodically to maintain
the setback temperatures. During the summer, the unoccupied (6 PM to 6 AM) setback
temperature is set at 80°F, while in the winter it is set at 60°F.
The space heating load is distributed between these normal fan- coil vertical heat
pumps with a heating capacity of 70 tons and one large under-floor radiant water system
heat pump with a capacity of 23.3 tons. The space conditioning system was

11
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commissioned in the late summer of 2004. The GHX field is in a vacant plot next to the
main parking lot, and the borefield dimensions are 125m * 38m approximately.
GHX System
The GHX under study consists of 212 bore holes of 0.117 m (4lA ”) dia each
143.5 ft (43.7 m) deep drilled in tight clay/ silt formations with little ground water flow.
The separation distance between the boreholes is 3.65 m (12 ft). The bore holes are
backfilled with a 20% bentDnite mud to prevent infiltration of any surface run-off water,
and to ensure piping contact. The horizontal boundary surfaces of the GHX are the
interior earth interface (45.7 m i.e., 150 ft deep from the grade)

at the lower boundary

and the bottom of the thin (2.0 m) intervening layer of top soil below the open grade as
the upper boundary. The clay has low hydraulic conductivity and as there is hardly any
hydraulic gradient in the shallow strata, ground water flow is insignificant. This is
particularly advantageous for the study since the presence of groundwater flow leads to
convective transfer of heat laterally and the study of the boundary heat flow and transient
thermal response in the GHX becomes complicated. For shorter time modeling purpose,
the thermal reservoir around each borehole in the interior may be thought of as a
parallelepiped and the vertical faces of this block are assumed to form adiabatic surfaces.
For the exterior boreholes, the vertical faces inside the GHX are assumed to have
adiabatic boundaries while the open side away from the GHX is considered to be
stretched to the far field of undisturbed ground temperature.
For the longer term modeling, this assumption may not be held true. Due to the
thermal interference between boreholes, the thermal response of the edge and the comer
boreholes are different from the interior boreholes and the symmetric adiabatic
12
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boundaries around a borehole shift inward or outward depending on the net balance of
annual load. If there is net rejection of heat, then the interior boreholes become
progressively hotter as one moves to the center, and the inside adiabatic boundaries of the
edge boreholes move outward.
The GHXs for space conditioning are usually constructed under a layer of thin top
soil. In this specific case, the depth of the top soil layer is 2 m (6.5 ft). The physical
process that takes place within this top layer, as well as inside the upper portions of the
GHX are complex. From the ground surface, the heat budget includes radiation heat gain
during the day, heat loss in the clear night, convective heat transfer from the air, effect of
the precipitation (rain/snow), rain water run-off etc. Inside the top layer, percolation of
the rain water, the seasonal freeze-thaw process (if present) are to be accounted for. Other
things to be considered are the evapo-transpiration from the vegetative cover and the
plant canopy, the ground water recharge, water transport in the root zone etc.
Pumping System
The system that pumps the recirculating heat transfer fluid of 20% ethylene glycol
solution in water consists of two centrifugal pumps of 15 HP each with variable
frequency drives. At any gi ven time only one pump is operational and they rotate every
1000 hours. There are two separate circulating pumps also for circulating the heat transfer
fluid in the individual heat pump loop. These pumps operate continuously without any
speed control and are also rotated every 1000 hrs. The system interconnects in a common
pump room, where there are other system components such as expansion tank, pressure
relief valve, and the common plenum where return fluids undergo inter-mixing. The flow
rates of both the loops were measured during commissioning. The full speed flow of the
13
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loop field pumps were measured at 628 GPM at a total head of 69 ft while the same for
the building loop pumps were measured at 246 GPM at a total head of 53 ft. The loop
field pumps are turned off when the building loop return temperature lies between 50°F
and 60°F. They are turned on otherwise and the speed is set as per the following table:
Table 2. LF Pump Speed Control
HP return Temperature Loop pump speed
30 Deg F.
50 Deg F.

100%
30%

>50 and < 60 deg F.
60 Deg F.
80 Deg F.

System Off
30%
100%

The inside of the pump room is shown in Figure 4.
Study of Thermal Response
The study of thermal response of the system covers the analysis of ground
temperature trends at a few convenient points, and observation of the periodic variation
of the circulating fluid temperature at various points in the fluid circuit.
Ground Temperature Monitoring
The ground temperature monitoring system consists of three 107-L precision
thermistor probes buried in the ground at selected points at a specified depth and a
Campbell Scientific CR-1000

data logger fitted with a compact flash module to record

the ground temperature data at one hour intervals on average basis. Since utility power is
available at the site, a 7 A-hr sealed battery with a charging regulator is adequate to meet
the power supply requirement of the data logger and the thermistor probes. The data
logger is enclosed in a weather resistant enclosure which is mounted on a steel pole at the
edge of the borefield (Figure 5).
14
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Figure 4: Pump Room
15
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In the data logger, data is written both in the main memory and a compactflash
(CF) card. The CF cards were rotated approximately once every 3 months. There have
been no interruptions to the ground data capture since the start of the data
acquisition.

Figure 6 : Location of Holes in the Borefield.
The ground temperatures in the borefield are monitored at three points at 7.3m +/0.3 m (24 ft +/-1 ft) depth from the surface. While the two points are points of symmetry
in the adiabatic wall, one point is outside the field and at the same distance from the
nearest borehole as the other symmetry points. The results from the two symmetry points
identically located are meant to make the observations robust as they make a replicate set.
Temperature observations from a single borehole may be subject to set-up errors e.g.,
deviations in marking of positions, angularity of drilling direction etc. Two independent
observations are expected to compensate such errors and make validation of models more
meaningful.

Figure

6

gives the location of the monitoring holes in relation to the
17
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borehole field that is about 125 m X 38 m. The monitoring holes were drilled with auger
drill (Little Beaver) and backfilled with bentonite chips. The GHX had already gone
through one full seasonal cycle, and was at the start of the second heating season, when
the ground temperature data acquisition system was set-up. Ground data collection
commenced from December 2nd, 2005 early in the second heating season of the GHX.
Ground temperature measurements were complemented with concurrent recording of the
exiting and entering fluid temperatures (EFT) to ascertain the heat extraction and
rejection rates. An independent measure of the thermal conductivity of the soil was also
planned for validation of any future models.
Monitoring o f Fluid Temperature
The building automation system for the new building is comprised of a
Honeywell Excel-100 controller system and several other smaller controllers using
LONTALK protocol for communicating with each other and with the central monitoring
facility at the UND BAS control room. Pump Room 133 housed the two main loop field
circulating pumps pumping fluid to the loop-field and also the pumps pumping fluid in
the building heat pump loop. The following data are captured from the system:
•

Supply water and return water temperatures for the heat pump loop and
the GHX Loop every six minute,

•

Outside air temperature taken at the air-handling unit intake port for the
ventilation air.

•

The GHX loop field pump status and speeds ( normalized to full speed at
10 0 %

basis) averaged every six minutes.
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The pump speed was calculated from the variable frequency drive (VFD) controller
signal, and the full speed at 60 Hz, which is at 1760 RPM.

19
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CHAPTER 3
EXISTING ANALYTICAL MODELS
In the GSHP system, the individual heat pumps extract heat from the specific
zone space and reject the same to the carrier fluid circulating in the building loop during
the summer. The warmer fluid is pumped mostly in parallel circuits through the U-tubes
GHX.

The heat from the fluid is transferred to the tube walls by the convective

mechanism and finally to the medium in the radial direction through conduction. In the
winter, the entire process is reversed and heat extracted from the ground by the fluid by
conduction is advected to the building space1.
In the analytical models the temperature excess (0) at a reference point inside the
borehole is expressed as a function of the applied heat flux, thermal properties of the
fluid, grout and the medium and other geometric parameters. This is often expressed in a
non dimensionalized form as follows:
kfi
^ - = G (Fo,pl,p2,..)
q

(3.1)

where pi and p2 are the model parameters. The temperature excess 6 represents the

1 Only the heat rejection process will be referred to for the remainder o f this dissertation.
However, the description may be equally applicable to the heat extraction process without any qualifying
remark.
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change in the temperature with respect to the initial condition i.e., the undisturbed ground
temperature or the far field temperature. The G-factor, in analytical solutions is a definite
integral multiplied by a constant. In numerical solutions, the temperature values are nondimensionalized by using the k-value and q' as in Equation (3.1) for further analysis.

The reference point of temperature may be either the actual borehole boundary or
a virtual boundary at the point of contact of a pipe of “equivalent diameter”. Alternatively
the bulk temperature of the flowing fluid inside the pipe may be determined directly. The
last parameter is of greatest interest as this determines the EWT for the building loop.
When the borehole boundary is used as reference, the fluid temperature is computed
using the steady state borehole resistance and the 0bb as given in the Equation (3.2):
Tr = #t>b + Rb = $bb+ q’ (Rg + Rr +RP)
where, 6bb is the temperature excess at the boundary of the borehole,

(3.2)
Rfand Rp are the

steady state thermal resistances of the fluid and the pipe (neglecting the thermal mass of
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fluid or the U-tube wall), and Rg is the steady state thermal resistance o f the grout (shown
in Figure 7).
The R values for the pipe and the fluid are given as:

and

"

27±p

(3.3)

Rff = —
— '■
Im-fi

(3.4)

The design procedure for determining the aggregate length of boreholes in the
GHX is based on the assumption of either steady flux across the borehole boundary
(cylindrical source) or the heat release through a line source (LS) of constant strength.
The latter (Figure

8)

is based on the fundamental solution of potential theory, and

developed by Kelvin (Carslaw and Jaeger, 1959, p.256) and is given as follows:
K9
1 fK
i
1
G(Fo)=----- = ------ ----- du ---------- E i ( - x )
q'
An Jx u
47 T

Figure

8

: Line Source Model

where x= 1/(4 Fo) and Ei = Exponential Integral.
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c\
(3.5)

The Fourier no. Fo = ol/r2 is the dimensionless time and is a widely used
parameter in unsteady state heat conduction problems, r represents the distance of any
point of interest in the problem domain from the line source. Since r can assume any
value, LS solution can be used quite conveniently to determine the thermal response of
the ground at any point due to heat rejection in any borehole. Consequently the LS
solution is often used to develop superposition solutions in a borefield comprising of
several or many boreholes causing thermal interference.

Figure 9: Borehole with Cylinder Source
The solution of the heat equation in a semi-infinite solid boundary internally by a
cylinder (Figure 9) initially at a constant temperature with a boundary condition of
constant heat flux at the inter boundary was obtained by Jaeger (Carslaw and Jaeger,
1959, p.338) using Laplace Transform.

This is known as the cylinder source (CS)

solution, and is given as:
[ j0{pu)Y{(«) - J, (u)Y0( p u ) ] ^
u
where
23
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(3.6)

p = ratio of the radial distance of the reference point from the axis of the cylinder to the
cylinder radius. When p =1, the above solution refers to temperature at the constant flux
cylindrical surface boundary. The LS solution and the CS solution differ in the following
significant ways:
»

The LS solution is based on the assumption of infinite line source of heat
of a given strength in an infinite media, while the CS solution is based on
an infinite cylinder with a constant heat flux across its surface.

«

In the LS, the medium is without any discontinuity, and the thermal
capacity of the core and the outer region is assumed to be same. In the CS
problem domain, on the other hand, it is assumed that the thermal capacity
of the core is zero, and hence any volume heat source in the core translates
as equivalent surface heat flux across the core boundary.

While trying to implement these solutions to actual GHX geometry, one
immediately realizes the constraints. The cylinder (the reference surface) in the CS
solution can be either the borehole boundary surface or the outer pipe in the coaxial
systems. For the U-tube geometry, the choice of the reference surface is particularly
problematic, as there may be need to find the equivalent diameter if the circular core
representation is used to obtain the temperature relationship.
Further as the strength or the flux is required to be constant, this limits the use of
the LS and CS solutions in the flux build up stage. In a real system, the thermal mass of
the circulating fluid and other system components e.g., pipe wall, pump impellers, heat
exchanger tubes etc. are significant and would impact initially the temperature response
of the ground and the fluid. So when do we assume the heat flux across the core boundary
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as steady flux in a real system? The design methodologies, particularly for the
commercial facilities are based on 4 hrs or 6 hrs block loads. Under what conditions, can
one consider that a steady flux situation is indeed reached within this time?
The LS solution is defined in terms of a heat source of constant “strength”.
“Strength” of an instantaneous source is defined as “the temperature to which the amount
of heat liberated would raise unit volume of the substance” (Carslaw and Jaeger, 1959,
p.256). Thus strength of an amount of heat q released instantaneously at a point can raise
the temperature of the surrounding media by q/(pc). If q is the amount of heat released
per unit time, then the source is a permanent source as against the ‘instantaneous’ source
considered earlier.
So

the q' in the LS solution is equivalent to energy generated within the borehole

and is definitely superior to the constant flux assumption of the CS solution. The
limitation of the LS lies in its applicability in small Fo values. Ingersol! et al. (1950)
pointed out that LS solution gives inaccurate values for Fo< 20.
Long Term Analytical Solutions
All the solutions described above are one dimensional solution as heat diffusion is
modeled to take place only radially, since the line or the cylindrical source o f heat is
assumed to extend to infinity in both axial directions. But in the ground heat exchangers,
the heat exchanger tubes have finite length, and thus in the longer time-frame, heat losses
in the axial direction become significant and 0 bb solutions differ quite significantly when
the axial effects are taken into account.
The two boundary conditions in the axial direction are quite dissimilar for the
finite line source of the heat exchanger pipe. Usually the far field temperature in the
25
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ground is assumed to be the same as the long term average air temperature at a given
place. Thus at the upper surface, at z = 0 (Figure 10), the boundary condition is a constant
temperature for the long term solution. This is the earth skin temperature that is equal to
the far field temperature in the ground i.e., the undisturbed ground temperature. At the
depth boundary z = H, the GHX extends downward to infinity.

Line Sink
ds

Line
source

Figure 10: Finite Line Source
Ideally the geothermal gradient could be considered as the forcing at some finite
depth. Eskilson (1987) compared the isotherms around a borehole after constant rate of
heat extraction for 25 years for two situations - one with the thermal gradient and the
other without. The two sets of isotherms around the borehole appear quite different, but
26
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the temperatures at the borehole remain nearly the same under two models even after 25
years. Thus in the GHX modeling, the geothermal gradient is generally neglected even
for the long term analysis.
When the two boundary conditions are considered, the heat diffusion problem
from the finite line source is solved by using the method of images and integrating the
temperature solution for a constant single point source of heat over the finite line source
and its image. For a continuous point source of q, Carslaw and Jaeger (1959, p.261) give
the following expression:

(3.7)
where erfc is the complimentary error function. The method of images creates a mirror
image reflection of the finite line source in the ground above the free ground surface
(Figure 10) which produces an opposite thermal response on the free surface resulting in
the constant earth skin temperature. The final solution has been given by Eskilson (1987),
Zeng et al. (2002), and by Lamarche and Beuchamp (2007), as follows:

(3.8)
where
The temperature excess at the middle point of the borehole is derived using the above and
is given as follows:
n / „

with

n

c

,t) --

q' ?(erfc(r+l ( 2 p j c ) )
, l
+
47tk •o
r

P = rb I H ,r + = J(32 + (0.5 -

£ )2,r '

erfc(r~ /( 2 p J F y j
r

= V.p 2 + (0.5 + £ ) 2 •
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(3.9)

Using Equation (3.9), as the starting point, Zeng et al.(2002) computed the temperature at
the middle of the borehole, at different Fourier no. defined as Fo= a \J H . They argued
that a limiting value of the middle point temperature is attained after a period of time, and
is given as:
Fos = 3 .8 (r„///) + 0.29

(O.OOOl <rb / H < 0.7)

(3.10)

where, Fos corresponds to a time period when the temperature excess 6 reaches 98% of
the limiting value. This has been disputed by Lamarche and Beauchamp (2007), who
decomposed Equation (3.8) into different components and concluded that there is no
limiting value of this integral. To resolve this issue attempt was made to compute the
above integral, and it was found that evaluation of the integrals of Equation (3.8) is quite
difficult. We used NIntegrate command of Mathematica, with a range of varying options
such as increasing recursion depth, precision goal, etc, but NIntegrate always failed.
Lamarche and Beauchamp (2007) explained in detail the methodology they used for
evaluation of the integral using MATLAB dblquad and quadl functions in conjunction
with a C-program.
Eskilson (1987) used the Equation (3.8), to derive a steady state solution, by
putting t-* oq and obtained a limiting value as follows:
(3.11)
It was pointed out that the integration of Equation (3.11), in straight forward and the
steady state temperature at the midpoint is given as:
(3.12)

where c=
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The value of c was modified to 2 through some additional observations and arguments.
Lamarche and Beauchamp (2007) suggested using the average borehole temperature for
long term analysis and developed a detailed procedure for computing the average
borehole temperature.
The Swedish researchers were the first to recognize the basic limitation of the
finite line source approach in the real GHX where the assumption of constant volume
source of heat q' inside each of the boreholes in a borefield is not tenable. After some
period of time when the thermal front for each borehole expands, boreholes in the edge,
comer and in the interior exhibit different thermal responses. When heat is rejected, the
interior boreholes would reject a lower amount of heat and the comer boreholes would
reject the greatest amount since for all the boreholes the inlet fluid temperature from the
building loop is the same. Currently, no analytical solution has been developed for this
long term problem, and the numerical solution developed by the Swedish researchers is
widely used. This is known as the g-function approach and discussed in detail in the
following chapter on numerical solutions.
The g-function approach is quite popular in Europe as in the Northern Europe, the
GHXs are not used generally for air-conditioning during the summer, and hence there is
no summer recharge. Thus the impact of long term unbalanced operation with dominant
heat extraction is of utmost importance to the designers in Europe. In the USA, the GHXs
are used in the dual mode and therefore it takes longer for the performance of the GHX to
deteriorate.

This has led to adopting a somewhat non-rigorous methodology for

determining the long term impact of unbalanced operation of the GHX in the USA. The
issue of thermal interaction and long term temperature drift is addressed by the loop
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designers by allowing additional loop length.

Kavanaugh and Rafferty (1997)

recommend a temperature correction that is to be applied to the undisturbed ground
temperature, i.e. for a dominating winter season the ground temperature is reduced by the
penalty amount, and for a dominating summer season the ground temperature is increased
by the penalty amount. The temperature penalty is computed by assuming that each
borehole of the borefield irrespective of the position is at the centre of a parallelepiped
with an adiabatic boundary. The penalty amount is computed using the line source heat
solution, aggregating the heat that would have diffused out of the symmetric zone around
the borehole in a ten year period, and computing the temperature change that this heat
would cause in the parallelepiped around the borehole. A typical calculation detailed in
the reference publication indicates that a temperature penalty of 1.66°C (3°F) on the
undisturbed ground temperature of 16.7°C (62°F) led to an increased loop length by 12%
for the specific parameter values i.e., undisturbed ground temperature, ground thermal
properties etc. The actual increase in the loop length in a given situation depends on the
difference between the undisturbed ground temperature and the target minimum or
maximum EFT.
Approximation of the LS and CS Solution
In the LS and CS solutions, the final expression of the G-value has definite
integral terms, and the integrands are complex, particularly for quick evaluation in the
building simulation programs. Initial efforts to modify the analytic solutions therefore
were towards simplification of the analytic expression by replacing the definite integral
with simpler algebraic expression.
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Historically the line source solution has been the dominantly applicable analytical
solution of choice for modeling the thermal response of the ground heat exchangers, and
early on approximation of the exponential integral with simper algebraic expressions was
attempted. Carslaw and Jaeger (1959) referred to tabular values of the integral and made
the following approximation for small values of x ,i.e., for large value of Fo
E i(-x ) = y + \ n x - x + x 2 / 4 + o(x 3)
where,

7

(3.13)

= Euler’s constant, and for even larger values of Fo, only the logarithmic term

was retained, resulting in
G(Fo) = — [ln(4 Fo) - y],
4K

(3.14)

Hart and Couvillion (1986) used the LS solution to develop a heat transfer model
for a vertical heat exchanger pipe. They defined an arbitrary far-field radius at rff= 4 a/ c4)
where the temperature is assumed to remain constant. They argued that this allowed the
development of easier resistance and temperature expressions around the pipe. They used
the following simplified expression for the integral of the LS solution.
=

(3.15)
„.i

nn\

where
7

= 0.5772156649 = Euler’s constant

They also investigated the validity of the LS solution in the pipe geometry, and
concluded that as long as rfr > 15r0, the LS solution remains valid. They also suggested
that in the power series expression of Equation (3.15), only the first two terms are
adequate for reasonable accuracy, if rn > 3r0 This criteria corresponds to the Fo> 14, and
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may be compared with a similar threshold criteria given by Ingersoll et al. (1950) being
Fo> 20.
The CS solution has been approximated to simple algebraic expressions by
Kavanaugh (1991) and by Fuji et al.(2004). The curve fit G-value was given by
Kavanaugh (1991) as:
G(Fo, 1) = [ Log (Fo) + A]/ B

(3.16)

where, A and B are four sets of constants each applicable for a different range. Fuji et al.
(2004) approximated the values of G in three ranges of Fourier nos using the least square
method.
Fo< 1

G = 0.1443 Fo 0 3374 - 0.0 162

1<Fo<100

G = 0.5414 Fo00986- 0.4166

100< Fo

G = 0.18271ogloFo + 0.0668

(3.17)

The cylindrical solution is derived analytically using Laplace transform. Sutton et
al. (2002) and Hellstrom (1991) used a direct numerical inversion technique on the
solutions in the Laplace domain. They obtained the following solution:
f

6{r,t)
2 * r Borek Soi,

Oj =

J M 2) and
a soiit

Vj

kpjcojr)

where

M J ® M a jrBore) ’
min(y,5)

Vj

-

z

( - l ) y 5&5 ( 2 fc)!

(3.18)

-.) (5 -* )!(£ -!)!* !(./- * ) ! ( 2 * - y ) !

i=int—

This was an algebraic summation and hence was easier to compute than the integral of
the analytical expression.
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Modified Analytical Solutions
Deerman

and Kavanaugh

(1991)

modified

several

parameters

in

the

implementation of the CS solution and compared the results obtained from a simulation
and experimental results and obtained good fit. In the U-tube geometry, they used the
equivalent diameter relationship given by Bose (1984) as follows;
Deq= 42D o.

(3.19)

This set the core boundary as the reference surface in their approach and from the CS
expression of Equation. (3.2), the ATg was computed using the following expression:
A7; = ^-G {F o,\)

(3.20)

Equation (3.3) was used to compute the pipe resistance and the resistance due to the fluid
was computed through the following Equation:
(3-21)

Rf

where, h( was calculated using the Dittus-Boelter relationship for turbulent flow that is
given as follows:
(3.22)

and

h, = N ud

NuD = .023Re™Pr"
The hi obtained as above was converted to an equivalent h referenced on the outer surface
using the following:

33

iduced with permission of the copyright owner. Further reproduction prohibited without permission.

r0 _|_ r0 f O
in

(3.23)

J i)

i

=

For computing the temperature difference across the pipe they used the heq in the
following equation:
9'

(3.24)

where Ao= 2 irr0L .

9
K • A°
They argued that since the two legs of the U-tube are close to each other, a correction
factor was required as follows
(3.25)
c n a a

where,

Nj

is the number of tubes in the boreholes, and

C

is the correction factor

determined as C= 0.85 for a single U-tube and 0.6 for a double U-tube. A series of
equations related the average water temperature Twa to the heat rejected in the building
loop and previous other expressions.
(3.26)

ll

(3.27)

l

Twa=Tff + ATg +ATp

me p
rr
-

_

Tw i +Two

(3.28)

2

t
TWO = Twa + r \ q 2 me

(3.29)
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The above set of equations describes the general design procedure. They also took into
account the thermal short -circuiting that took place between the adjacent legs of the Utube and used a correction factor for the same. The expressions used toward these are:
AT = ■
2(me )2R„

(3.30)

where,
R.
xsc = 2 £ , + 2 f f pw

RP„ -

' ■f\s

4/31n(r0/r ;)
nkpL

Rr/ =

and

x + 2r
2r
nk.L

cosh '
R.

=

The subscripts f stand for film, pw for pipe wall, and sc for short circuit. The ATSC found
from Equation (3.30) was added to Equation (3.29). Finally the Two was given as:
(3.31)

Two = Twa +•+ AT
2mC „

In a later publication, Kavanaugh (1992) modified several expressions in the above and
these are as follows:

(3.32)

r,„ = y f 2 r + x / 2

35

)duced with permission of the copyright owner. Further reproduction prohibited without permission.

and
(

r , r r
heq = 1 .2 1 / — In— H— y.k P ri rA

\
(3.33)

The short circuit quantum of heat was computed through the following:
< l,c =

( T „o

- T J ) I R

(3-34)

„

where,
RSC = —T
7TL

riht
(3.35)

Finally, q' = me {Two - Twi ) = qg +q,c, and

Two - T wa =

2me

1
V

(3.36)

- -

mcR,
, “ ' Jvsc /

Csc, the short circuit constant was determined using a steady state numerical model.
Composite Media Solutions
In the USA, it is common practice to pour a sealing material (grout) around the Utube after it is placed in the borehole. This is done to comply with the regulations to
prevent aquifer contamination. The most common material used is 20-30 % solids
bentonite clay that has sealing properties. Thermally enhanced grouting materials are also
available. In the unsteady state if a single step solution for the water temperature (as has
been developed in Chapter 6 ) is not available, the fluid temperature may be calculated
based on Equation (3.2). Tractable analytical solution for the heat conduction in the
composite hollow cylinder with an inner boundary condition of steady flux has not been
available till very recently, and the usual approach has been to use Equation (3.2) at the
borehole boundary so that the grout envelope is left out of the problem domain in the CS/
36
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LS calculations. The key parameter is the Equation (3.2) is Rg is the steady state thermal
resistance of the grout. Various approaches to compute these is discussed in a subsequent
section.
One of the earliest models that could be used for modeling the composite
geometry of the U-tube and grout was the buried electric cable model (Carslaw and
Jaeger, 1959; p. 345). The G- expression was given as follows:
(3.37)

Here pc is the volumetric heat capacity of the soil, Rs is the insulation thermal
resistance, Si is the core thermal capacity and S2 is the sheath thermal capacity. The
buried cable model envisages a single thermal resistance sandwiched between two perfect
conductors - the core and the sheath. Young (2004) used the buried electric cable
analogy to the GHX situation by transferring the borehole thermal resistance to the
sandwiched layer, and equated the thermal capacities of the sheath and core to the
thermal capacities of the grout and the fluid respectively. The result was compared with a
numerical model (GEMS2.D), but the formula results did not compare well in many
situations. Consequently Young adjusted the model by allocating a portion of the thermal
capacity of the grout to the core. This improved the fit and this factor was termed as the
grout allocation factor.
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For the composite media problem, two analytical solutions have been recently
developed, but both refer to steady flux condition. Gu and O ’Neal (1995) used the
orthogonal expansion technique described in Ozisik (1993) to obtain the temperature
solution in a composite cylinder of finite diameter under constant heat flux at the inner
boundary. The solution required computation of multiple eigenvalues to be used in the
coefficients of the series solution.
The expressions derived by him are as follows:
T-{r',F o) =

1

27tH

Z Cn<pM(r ')e x p (-tiF o ) - V ,(r)

(i = 1 ,2 )

(3.38)

where
•'^In•A) ' P n C
yfG

)

' P ,r '
4g

<Pin(r ') = A2nJ 0{pnr ') + B M f } nr')
i= 1,2

referred to the grout and soil respectively. There are other complex

expressions for the parameters Ain and B,n

in terms of the Bessel functions of the

eigenvalues /?„, while Cn are coefficients of a series and V,(r*) are expressions in terms
of the dimensionless distance variables r*. The key to the entire methodology was the
computation of the multiple eigenvalues & by solving the transcendental equation:
o
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(3.39)
where G= ai/a2, H= ki/k2>Sb = rb/rc, Sc= rff/rc, and F = YU
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We used a MATLAB program for the numerical computation of the eigenvalues,
and it was observed that Gu and O’Neal’s (1995) assertion that the consecutive solutions
for the eigenvalues are found at constant intervals may not be true. This approach for
solving composite media problems has generally been criticized in the community of heat
conduction researchers (Mikhailov et al., 1983; Haji-Sheikh and Beck, 2002).
Lamarche and Beauchamp (2007) developed solutions for an infinite region
bounded internally by a hollow cylinder of finite thickness of another material both
under constant flux condition and also under a convection condition with a constant bulk
fluid temperature.

The temperature at the inner hollow surface is given in Equation

(3.40):
G(Fo,b,a*,k*)= —
k k b

r
* ~~

M - J ' Q i r - K M j l - e - ' * )Ju
uu4(f* U 2 4-Ilf2
+y/2)1

where,
<t>= Yt (m)|To(«W , m

- r, (uby) J 0(iUb)y I k ' \

- J, (u)[y 0(uby)Y{(ub) - Yt (ubr)Y0(ub)y l k '\
and
Y = j , l(«)./o

(ub) - J , (uby)Y0( u b) y lk'\
- Y, ( u ) [ j 0( u b y ) J , (ub) - J, ( u b y ) J 0(u b ) y lk'\

Though this solution was based on steady flux heat input, to enable the solution to
be applied at the early stage, they assumed a cylindrical surface inside the grout where a
steady flux condition may be realized earlier compared to the borehole boundary. They
validated the solution with results from finite element models. When identical thermal
39

x lu ced with permission of the copyright owner. Further reproduction prohibited without permission.

properties are used for the grout and the medium, the CS solution as given in Equation
(3.6) is obtained. Other researchers (Shonder and Beck, 2000) have used numerical
models to address the problem of modeling Rg(t). Xu and Spitler (2006) used a 1-D finite
difference model that covered variable convective resistance as well.
Steady State Thermal Resistance of the Borehole
Much effort has also been devoted to develop analytical expressions for the steady
state borehole thermal resistance Rb for the U-tube geometry for usage in Equation (3.2)
to determine the entering water temperature. The multipole method developed by Bennet
et al. (1987) has been one of the earliest and the most accurate methods though it is
computationally complex. Multipole methodology uses LS solution for the line source of
the U-tube legs and its counterpart line sink at a mirror point for each of the two legs of
the U-tube, and the principle of superposition to satisfy the steady state boundary
conditions of the problem domain i.e., constant radial flux at the boreholes boundary and
constant temperatures at the pipe boundaries as well as at some arbitrary radius in the
inner region. The first order multipole expression for Rb (Hellstrom, 1991, p..89) is given
as follow:
4 7r Rb kg =

(
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P + \n

+ crln

+ 1n
V2 D

J p;

j

\ rb ~ D )

Q

1-----

2

2

rP
AD2

1-

W

^ ) .
I

(3.41)

V

1

1* + /?
[l-/?

a

'

AD2

. _

~r u ,

16^ 4

v.

'

40

Jduced with permission of the copyright owner. Further reproduction prohibited without permission.

where,

a=(kg-ks)/(kg+ks) and (3 =27ikg Rp
Gu and O’Neal (1998) derived a very simple expression for the equivalent

diameter though with tenuous assumptions, and used this expression in the standard
expression for steady state pipe resistance to derive the steady state thermal resistance.
Paul (1996) used finite element methods to derive a general formula for the borehole
resistance which is described in the next chapter.

Dimensionless Groups
Vestal (1956) is probably the first researcher attempting to correlate experimental
data for both cyclic and steady state operations and developed dimensionless groups as
follows:
q/(AT- k- L )= f[k- 6/{ p -Cp -d2) ]

(3.42)

where,
q= heat transfer rate at time 6
AT= temperature difference between fluid and far-field ground at depth averaged
over run
k= soil thermal conductivity averaged over run
L= piping length
6 = run time
pc = density and specific heat of the soil near the pipe average over run
d =inside diameter of copper coil
The experimental data obtained from operating the heat pump during both heat extraction
and rejection stages were used to compute the two dimensionless groups described above
and mutually plotted. It was observed from these plots that that the soil temperatures and
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heat flow became stable after some period, and at that stage the left group in Equation
(3.42) no longer depended on the right group. With further analysis, he presented a
design relationship for computation of the required length of piping.
Beier and Smith (2003) and Gu and O’Neal (1995) also obtained solutions in the
non-dimensional form.
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CHAPTER 4
NUMERICAL MODELING: PREVIOUS WORK
Introduction
The LS and the CS analytical models discussed in the previous chapter are based
on one dimensional flow of heat with constant thermal properties, and had no imposed
external boundary condition due to the infinite nature of the geometry (Carslaw and
Jaeger, 1959, p.261). For the horizontal systems installed close to the surface, these
assumptions look quite unrealistic as ground properties change seasonally due to the
changes in the water table and also due to the seasonal moisture migration around the
heat exchanger tubes.

Further their proximity to the open surface requires that the

seasonal variation of the temperature at the surface boundary condition be taken into
account. Numerical modeling was the only realistic way to address these issues. Serious
numerical modeling began with the advent of the computer era, and a number of
numerical models were developed beginning from the mid-seventies.
Type of Numerical Models
All the three major techniques of numerical modeling of heat transfer have been
used for the modeling of GHX. These methods are:
»

Finite difference

•

Finite volume, and
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•

Finite element

In the finite difference method (FDM), the physical or the space domain is
approximated with a mesh of discrete points called the nodes. The time domain is
discretized in an integer no. of time points, the difference between the consecutive time
points being known as the timesteps. The partial derivatives in the heat equation are
substituted by the finite differences using the Taylor series. This transforms the problem
to solution of linear equations using matrix algebra. This is straight forward and often can
be solved using a spreadsheet.
The finite volume method is based on the solution of the governing integral
equation in smaller control volumes which are created in the space domain by
discretization. The computational domain is created using orthogonal structured meshes
as in the FD method, and the solutions obtained through matrix algebra. The problem
with this approach and also with the FD method is that they can not handle irregular
geometry problems. Also since the stability of the solutions often depend the size of the
timestep, fine timesteps are often required.
The finite element method can apply to even irregular geometry problems and is
based on integral minimization of error in the smaller sub-domains called the finite
elements. The solution for each element is approximated by interpolation polynomials,
and then the continuity of the solution and its derivative is imposed across the element
boundaries. These conditions make it computationally complex, and difficult to
implement in a computer program.
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Finite Difference (FD) Models of GHX

Earlier Studies
Nearly all the early numerical models of the GHX developed both in Europe and
the USA were FD models. Several such programs were proprietary and not available in
the public domain.

A list of older models developed their key features, and their

validation status was detailed by Ball et al. (1983) in their ‘State of the Art’ survey report.
During the seventies, several one dimensional models appeared as doctoral dissertation
work in the US universities to predict soil temperature and moisture content across the
soil depth. The 2D models were more complex and took into account heat flow both in
the horizontal and depth direction as well. This is an excerpt from the ORNL study (Ball
et al., 1983):
Some of these models are very detailed and require extensive computing time.
Yet with these complex models, the output results are only as good as the model
structure. For example, the nodal geometry in many models is set up for modeling
transient heat flow within a slab of earth bounded on either side by adiabatic
surfaces through the center of a coil and through the midpoint between adjacent
coils, at the top by the ground surface, and at the bottom by a constant
temperature or constant geothermal heat flux. Other models are structured for a
single isolated pipe. Ground surface temperature is specified as a mean annual
value, single annual sinusoidal relation, or a value computed from local terrain
and weather parameters. Some models explicitly solve for local conditions in the
vicinity of the pipe while others use a steady state analytical solution for heat
transfer from the pipe to the nearest nodal boundaries. Some models allow the
45
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user to set up the internal nodal geometry while the nodal geometry is internally
generated in other models. Only a few models account for freezing, and none of
the heat-pump earth-coil models account for moisture diffusion due to thermal
effects. Simulation of building loads and heat pump performance is very
elementary in most models.
Another shortcoming of these early FD models were their inability to represent
the circular heat transfer pipe in the normal square grid of nodes, and often they were
represented as thin plates of source, or with a stair stepped circumference.
The models developed immediately for the vertical GHXs

after this survey

includes one by Fischer and Stickford (1983) of Battelle followed by another developed
by Mei and Fischer (1984) at the ORNL, Tennessee. The first one had the problem
domains of a 2x2 and a 3x3 borehole field geometry, also in two horizontal planes to
account for water table. The results were compared with the values from the line source
theory for validation. Fischer and Stickford (1983) used an equivalent diameter of 1.84
times the pipe diameter for the two tubes, but this was an assumption with no basis
explained.
The FD model developed by Mei and Fischer (1984) was for a coaxial pipe heat
exchanger that took into account heat transfer by the flowing fluid in the inner pipe and
the annulus, the convective heat transfer from the fluid to the pipe walls and the
conductive heat transfer in contact surface as well as in the pipe walls. The PDEs were
constructed using energy balance in the control volumes. The boundary was terminated at
a finite distance assumed at a constant temperature. This was validated with actual
experimental data in a test set up with a bore depth of 47.2 m (155 ft.) and an outer pipe
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diameter of 0.127 m (5 in) and a constant inlet temperature for the fluid. The model was
also extended for discontinuous operation. Following is an excerpt from the report:
....it has been concluded that the mathematical model predicts the test results very
well when the heat exchanger is operated continuously. By changing a boundary
condition, the program also predicts the recovery temperature well if the heat
exchanger is allowed to rest for at least 1 h. For cyclic operation with a 30-min
recovery period, the model does not predict the coil recovery rate as accurately as
would be desired, particularly for hot inlet water. The calculation of water
temperature at the beginning of each off cycle could be improved if there were a
better understanding of the heat transfer between water and tube wall when the
water flow is stopped abruptly.
This was definitely one of the pioneering studies, but with a shortcoming that no attempt
was made to compare results with any analytical model.
Recent Studies
Dobson et al. (1995) used a mixed analytical / FD scheme to predict short time
fluid temperatures in continuous run as well as in cyclic operations. The U- tube was
discretized in the depth direction and for each section; the CS solution was used to
compute the soil temperature at the tube interfaces taking into account the time history of
the heat input at the specific sections. This was one of the first attempts to use the CS
solution and the general principle of a time dependent boundary conditions in heat
transfer problems to simulate the short time behavior. Effect of thermal interference was
also built in the methodology. The model was verified by using actual field data. It was
observed that during the ‘on time’ the fluid temperatures matched between the model
47
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output and actual observations. The model predictions of the temperature during the ‘offcycle’ were somewhat lower.
Gu and O’Neal (1998b) used a similar methodology where, instead of the CS
solution, a new analytical solution was used in conjunction with a FD scheme. The new
solution was developed for a constant flux input across the inner surface of a hollow
composite cylinder of finite diameter. An experimental facility consisting of a small (1.2
m long, 0.0064 m OD) copper U-tube placed at the centre of a 0.8 m dia tank filled with
the experimental media was built for the model validation. Parametric studies were
undertaken to observe the impacts of different grouting materials, tube spacing, borehole
size etc.
Rottmayer et al. (1997) used an explicit FD scheme for developing a quasi-3D
model. The geometric domain included the fluid, U-tubes, grout and the ground ending in
the far-field boundary with depth dependent temperatures given by the KusudaAchenbach relationship (1965).

The problem with FD modeling is that the model can

accommodate only orthogonal geometric shapes. Consequently the U-tube sections were
approximated by a non-circular shape with matching perimeter. They used a geometry
factor to correct for the non-circular approximation. The horizontal sections at different
levels were connected at the centers via the fluid flowing in the U-tubes thus accounting
for the variations in the fluid temperature with depth. They used small time steps and
simulated for one year, and compared the resulting water temperature data with another
benchmark model, and found that the results were quite comparable.
Shonder and Beck (2000) used a ID FD model for the evaluation of the ground
thermal properties from the thermal response tests of boreholes. The U-tube geometry
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was represented with a single tube of effective radius. A thin solid film of finite thickness
outside the single tube accounts for the heat capacity of the fluid and the tube walls. The
heat equations for the film, grout and the soil layer is formulated and the usual boundary
conditions applied. A parameter estimation technique is deployed to estimate the thermal
conductivity and the borehole resistance from the experimental data.
Swedish FD Models
The model developed by the researchers at Lund University (Eskilson, 1987) is
possibly the most complex model developed so far as it accounts for the 3D geometry of
the entire borefield consisting of a predefined number of boreholes, the fluid flow in the
U-tube geometry, and also the thermal interaction between the boreholes. For each
borehole in a symmetry group, an axisymmetric radial- axial mesh is created, and the
boundary conditions are set as adiabatic for the entire domain boundary except at the
borehole line at one end of the domain where the heat extraction rate is applied as qi(z,t).
This depth direction variation of q is what adds complexity to the problem. At each time
step, this is recomputed by using an analytical solution for the depth dependent fluid
temperature that uses the superimposition solution for the Tb(z,t). The fluid temperature
model takes care of any short circuit as well. The results are expressed as dimensionless
g-functions that is shown in a plot as a function of ln(t/ts) for a given

ratio, where
H

ls -- .
9a

The temperature rise at the borehole boundary is given as
r
eh =

\

g L Zl
v 2*k s j y t / H j

(4.1)
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For any other

rj>

ratios, a compensating term of In (rt,*/rb)is subtracted from the plot

H

values.
These results are used widely in Europe for design of GHX through the software
EED (Earth Energy Designer). This takes care of the long term interaction effects in the
borefield where there is continuous unbalanced load as in Europe where heating load
predominates. In the USA, since the GHX operation there is both extraction and
rejection, the long term effect of the unbalanced load is not considered as a crucial design
issue.

Finite Volume Models
Both the finite volume models were developed at the University of Oklahoma one developed by Yavazaturk (1999) and another by Rees (Young, 2004). Yavazaturk
used the finite volume formulations of Patankar (1980), and the geometry included the Utubes approximated in noncircular sections (called pie sectors), the grout and the medium
truncated at a reasonable distance. The model was initially validated by modifying the
domain geometry for a hollow cylinder and then optimizing the timesteps and grid
resolution to achieve an average relative error of 1 % as compared to the analytically
computed temperature. The results were integrated in TRNSYS (SEL, 2004) and
GLHEPRO (Spitler, 2000) software and also later compared with actual field data
(Yavazaturk and Spitler, 2001). The GEMS2D software also developed is not so well
documented, and only secondary sources have been found where this has been described.
This is an excerpt from Young (2004):
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This program solves the general convection diffusion equation using a boundary
fitted grid. GEMS2D is capable of solving both steady state and transient
problems....... Boundary fitted grids enable GEMS2D to be applied in solving
heat transfer problems with complex geometries such as U-tubes within a
borehole......... GEMS2D is written in the Fortran 90/95 language. A grid
generation tool was also written to automate the creation of grids for the
GEMS2D simulator.
Finite Element (FE) Models
Except for one model developed in the late seventies, all the self-developed
models were reported in the literature in the nineties. In recent times self- development is
hardly reported as researchers use commercial

FE programs e.g., ANSYS, COMSOL

etc.
Self-developed Models
One of the earliest FE models is the one developed by Acres International of
Canada (reported in Ball, 1983). There were separate models for both the horizontal and
the vertical systems. It has been reported that the time steps were half month with the
aggregate simulation period up to 4 years. The elements used were of triangular shape.
Couvillion and Cotton (1990) was the first to use FE method in recent times.
Their model covered moisture migration and impact of different types of backfill
materials in the horizontal systems. The model was compared with experimental data in a
system over 60 days and found that the model results were somewhat lower.
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Muraya (1994) developed a FE model in 2D and also a FD model to study short
circuit effects, impact of backfills and tube spacing in the GHXs with U-tube geometry.
Standard CS solution was used for model validation. The FE model results differed by 36%

from the corresponding values from the analytical solution. The far field boundary

was truncated, and was optimized. It was concluded that the FE model was satisfactory
for parametric analysis. An interesting finding from the FE model relevant to the current
study is that for constant temperature U-tube source the heat flux across tube boundaries
is achieved with an equivalent single tube with twice the diameter of the individual tubes.
Commercial Package Models
Recent FE models of GHX are developed using one of the standard FE software
available commercially e.g., ANSYS, FLUENT, COMSOL, FRACTure etc. The
following studies have been reported:
•

Paul (1996) at the University of South Dakota - ANSYS

« Berger et al. (1996) from University of Massachusetts, Amherst Unknown
•

Zhang (1999) at the University of Kentucky - ANSYS

•

Allan and Philippacopoulos (2000) at Brookhaven National Laboratory ANSYS

•

Kohl et al. (2002) at the Institute of Geophysics, Switzerland- FRACTure

•

Signorelli (2004) at the Swiss Federal Institute Of Technology, Zurich FRACTure

•

Lamarche and Beauchamp (2007) from Montreal, Canada - COMSOL,
and
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•

Wu et al. (2007) from China - FLUENT

Paul (1996) used an experimental set up and FE model to determine the steady
state borehole resistance. In the experimental set-up, uniform constant flux was produced
through resistance wires wrapped around the U-tubes, and current was passed till steady
state conditions were reached. Experimental results from the test apparatus and the
ANSYS model were compared for validation purposes. The borehole resistance was
computed by deriving a shape factor correlation from the measured temperatures and the
flux. The expressions derived are as follows:

Rgrout

1

(4.2)

S = Po-

K grout ■S

\ d(J-tube J

where,
S = Shape factor (dimensionless)
PQandpx

= Curve fit coefficients (dimensionless)

Berger et al. (1996) also developed a FE model using an unspecified commercial
FE package (possibly ANSYS) with the objective of correlating the FEM results with a
U-tube geometry to the results obtained from the duct storage (DS) model of TRNSYS
(SEL, 2003). The elements used were 2D thermal solids with four nodes. The model
results with a pipe at the center matched the results from an analytical solution
completely, and differed only marginally with the DS model only at the early stages.
They found that the shapes of the curves produced by the DS model with circular ducts
and the FE model with the U-tubes are different, and empirically varying the Rb to match
the results with an arbitrary borehole diameter worked either in the steady state or in the
early transient stage, but not in both.
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Zhang (1999) used ANSYS and modeled the U-tube geometry using PLANE55
elements to study various borehole configurations, borehole separation distance, short
circuit etc. There were several findings related to the short circuit, equivalent diameter,
etc. However the usefulness of this study is rather limited as the boundary conditions
were specified at constant wall temperature at the pipe as against either a constant flux or
a constant heat generation.
Allan and Philippacopoulos (2000) used FE models (ANSYS) to study thermal
deformation and stress field in the complete pipe, grout and medium ensemble under
steady state heat transfer. A finer mesh was required for the analysis of stress field vis-avis mesh resolution required for the temperature solutions. They noticed areas of high
thermal stress in the grout around the pipes especially near the axis of symmetry in the
exterior area.
Kohl et al. (2002) used FE model (FRACture) to study the heat transfer from a
deep borehole (2.3 km) to the surrounding rock matrix. This is very specialized software
used for geophysical investigations and has the capability to account for ground water
advection in selected zones. Both the short term and the long term thermal response of
the borehole from the past data were successfully matched by using the same set of
parameters.
Signorelli (2004) also used FRACTure for annual simulation of a 100m deep
coaxial pipe fitted borehole. The results were also compared with the EED software that
is based on the Swedish models (numerical results obtained though FD modeling). The
results matched quite well during the 10 year simulation period, though EED produced
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somewhat lower water temperatures during the periods of strong heating load during the
winter months.
Lamarche and Beauchamp (2007) used COMSOL primarily to validate a new
analytical solution developed for heat flow in a composite hollow cylinder with constant
heat flux applied to the inner boundary. They also applied the model for U-tube geometry
under constant flux and constant bulk fluid temperature.
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CHAPTER 5
FINITE ELEMENT MODEL DEVELOPMENT
Finite element modeling of the borehole U-tube grout geometry is generally
acceptable to the community of researchers active in this field (Allan and
Philippacopoulos, 2000; Sutton et al., 2002; Beir and Smith, 2003). The results from the
FE modeling for transient heat conduction problems are considered reasonably accurate
provided the validity criteria of grid fineness, solution convergence, time-step size, etc.,
are ensured. In the present study, FE Models have been developed primarily for
comparison with and validation of analytical and semi-analytical solutions developed for
short time modeling of GHX.
Initially, numerical models were developed using FLUENT, as FLUENT which is
primarily a CFD package could also include the solid portion of the domain outside the
tube. Plots of temperature distribution inside the grout were obtained at different time
periods. While analyzing the initial results, it could be seen that modeling of the semi
infinite geometry in FLUENT is not possible as we have to assume the “domain”
boundary in an arbitrary manner. Consequently modeling with FLUENT was abandoned.
Truncation of the Problem Domain
One of the difficulties faced in numerical modeling of ground heat exchangers is
the truncation of the problem domain of the semi-infinite geometry. For study of the heat
56

xluced with permission of the copyright owner. Further reproduction prohibited without permission.

diffusion in a semi-infinite medium, in the numerical models, a finite far-field boundary
is arbitrarily set to limit the geometric dimension of the grid i.e., no. of nodes in FD
modeling or no. of nodes/elements in the FE models. Gu and O’Neal (1995), in their
analytical studies used far-field radius up to 909 times the borehole radius in the problem
domain. The inevitable question to follow is what would be the boundary condition to be
imposed even at this arbitrary far-field radius? In the physical semi-infinite domain, the
flux is zero at the far-field boundary- where the temperature is also set to zero in an
arbitrary scale i.e., the undisturbed ground temperature is the zero of the arbitrary
temperature scale (Figure 12). If a temperature solution is obtained by limiting the farfield boundary to a finite distance, the validity of the solution at longer time period
remain questionable. When the thermal front eventually reaches this arbitrary far-field
boundary, the boundary conditions of zero flux and zero temperature at this arbitrary
boundary impacts the solution in an unacceptable manner.

Semi-infinite

Flux = 0
Temperature = 0

Figure 12: Semi-infinite Domain and Boundary Conditions
Earlier studies have addressed the problem by making the dimension o f the

domain very large. Zhang (1999) set the temperature at the domain boundary to zero and
defined a disturbance factor (ratio of heat flux at the arbitrary far-field boundary to the
heat flux at the core pipe interface) and obtained the values of the disturbance factor in
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the FE models under conditions of different ks and different rp. He concluded that for
simulation time longer than 2000 - 5000 hrs, the far field boundary dimensions could be
1000 -1500 times the core pipe radius. Lamarche and Beuchamp (2007) in their FE
models using COMSOL (earlier known as FEMLAB) extended the far-field boundary till
they found no variation in the results over a range of Fo values. Yavazuturk and Spitler
(1999) developed a finite volume model to study the early stage thermal response of the
U-tube geometry in a borehole. They observed that for simulation upto 200 hours, a farfield outer radius of 12 ft (3.6 m) is sufficiently large to avoid changes in the far-field
temperature and the boundary heat flux.
Simple truncation of semi-infinite boundaries, though done with care and
judgment, always leaves doubt about the accuracy of the solution. Further, large
discretized areas are essentially computationally inefficient.
Mapped Infinite Elements
Several options exist for addressing the issue of representing unbounded
continuum in the problem domain in the numerical modeling of transient thermal
problems (Damajnic and Owen, 1984). Out of the possible alternatives, using mapped
infinite elements is an attractive choice as the formulation of mapped infinite elements
bear close similarity to standard finite element procedure (Damajnic and Owen, 1984).
The principle of mapped infinite element, i.e., transforming an infinite region to a region
of finite dimension is explained with the help of Figure 13 in a one-dimensional situation.
The element consists of 3 nodes with Node 3 being located at infinity. The mapping from
the mapped coordinate (7 ) to the global coordinate x is done using the following mapping
function:
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Figure 13: Mapping of Infinite Element
-2y

l+r

u

x = -------x , +- ------ *2.
1- y
l-y

(5.1)

This translates as:
7

= -1 => xl ,

7

= 0 => x2 ,

and
7

= +1

=>

00

Thus, the infinite element is mapped into an element of finite dimensions through the use
of the mapping function. In ANSYS for thermal analysis, there are two mapped infinite
elements INFIN110 - which is a 2-D infinite solid, and its 3-D counter- part INFIN111.
These have been used for the model development.
2-D Models
The 2-D models in ANSYS FEM package were developed using the following
elements:
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•

Thermal solid 2-D element PLANE77 to represent the Soil /Grout
medium.•

Figure 14: Nodal Geometry of a 2-D Model
•

Single layer of 2D-infinite solid element, ENFIN110, at the periphery of
the solid model to represent the semi-infinite boundary of the system. This
element uses a mapping function (discussed above) to translate a semiinfinite boundary to a bounded problem domain.

» The core of each leg of the U-tube is represented by a thermal mass
element MASS71, its real constant set to the thermal capacity o f the fluid
in the pipe. The thermal capacity of the tube wall is ignored.
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•

The heat transfer from the tubes to the ground is captured through a
number of convection elements, LINK34, with each element representing
a 2.5 0 segment of the tube wall

Figure 14 shows the physical and nodal geometry of a 2-D FE model. The key
features of the above elements are briefly described:
•

PLANE77 is a thermal element with only one degree of freedom,
temperature, at each node and can effectively model curved boundaries as
it has eight nodes, one at the comer and one at the center for each of its
four sides.

•

MASS71 is a point element having one degree of freedom, temperature, at
the node. The element is used to model a portion of problem domain that
has thermal capacitance but has very high conductivity such that
significant temperature gradients may not be sustained. It is also capable
of sustaining internal generation of heat. This element is ideally suitable
for modeling the fluid within the U-tube as the heat transferred from the
building loop to the circulating fluid may be modeled as heat generated
within the U-tubes. Further, because of high heat transfer coefficient h
owing to turbulent regime of the fluid flow inside the tube, the bulk
flowing fluid temperature has a single value across the tube section.

<► LINK34 is a line element with two nodes having temperature as the only
degree of freedom at each end with the ability to transfer heat between the
two nodes by convection.

In the FE models developed, there are 36

elements covering a 90° segment of a single tube. For each element, a
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prorated area and a constant film coefficient are assigned. While one node
of each element is common to the MASS71 point element node, the
second node is connected to a node of the PLANE77 element.
In the 2-D FE models, the tube walls have not been explicitly modeled as the
thermal capacitance of these have been ignored. The thermal resistance of the pipe wall
however has been taken into account by using a heq that corresponds to the convective
heat transfer coefficient referenced to the outside pipe wall using Equation (3.22). Due to
the symmetric nature of the problem domain, only a quarter section covering 90° segment
is sufficient to describe the entire problem. An interesting feature about using the mapped
infinite elements is that even they display limitations if the aggregate time over which the
solution is sought exceeds a threshold value. In our case, we observed that if the thermal
conductivity is high, the temperatures show abnormal increase towards the end of the set
time period corresponding to Fo of about 150 indicating that the heat generated within the
system is not able to move beyond the physical boundary created in spite of the outer
layer having been modeled with the infinite elements. This always resolved by expanding
the physical domain by 0 .1 m increments.
3 -D Models
The 2-D FEM models have been extensively used in this work for validation of
the analytical and semi-analytical solutions. Full 3-D FEM models were also developed
with the objective of study of short circuit, boundary heat leakage, and g-functions for a
small borefiield. To our knowledge, there has been no report of a full 3-D FEM model
having been developed by any researcher. The computing resources required for
developing the model even for a single borehole GHX would be high. Since in the SEM
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computer labs of UND, the ANSYS license is educational user license, the number of
nodes is restricted approximately to 120,000. Consequently, the 3-D model developed
was limited to only 10 m depth. The 3-D model also has been developed built using
‘mapped infinite elements’ to capture the semi-infinite geometry even in the z direction.
The ANSYS elements used for developing the 3-D model include:
* Thermal solid 3-D element SOLID70 to represent the Soil /Grout medium.
•

Single layer of 3D-infinite solid element, INFIN111, at the outermost edge
of the solid model to

represent the semi-infinite boundary of the system.

» FLUID116 3-D coupled thermal fluid pipe with differing KEYOPTs to
create the unbroken length of pipes in the closed circuit of

the

recirculating fluid inside the U-tubes.
» Conduction bar LINK33 connected to the convection nodes of the fluid
element and to the nodes of the SOLID70 in the grout.
It is evident that the modeling approaches in the 2-D and 3-D differ significantly
on fundamental aspects. In the 2-D models, the fluid is represented by a static mass
element with thermal capacity, while in the 3-D models; the actual mass flow in the
looped pipe circuit is captured through the thermal-fluid pipe elements.

In the 2-D

models, the bulk solid is connected to the fluid by using convection link elements while
in the 3-D models; the connection is through conduction link elements. This allowed the
actual thermal conductivity of the plastic pipe walls to be taken into account directly. The
key features of the elements used are described below:
•

SOLID70 is a cuboid shaped element with eight nodes - one at each comer with a
single degree of freedom i.e., temperature.
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•

INFIN111 is the 3-D counterpart of INFIN110 described earlier.

•

FLUID116 is a versatile element that has the capability to conduct heat and
transmit fluid between its two primary nodes. Thus heat transfer between the two
nodes is both due to conduction within the fluid as well as due to the enthalpy
transport by the flowing fluid. Convection heat transfer is also accounted for.
The actual modeling results of 2-D model are described in the subsequent

chapters. The results of the 2-D models have been used primarily for comparison and
validation of the analytical and semi-analytical solutions developed in this dissertation 3D. FE models were also developed with an objective of studying the early time shortcircuit phenomena. This is the first known full 3-D FE model of the U-tube geometry in
the borehole that essentially captures all the key features including the fluid in the closed
loop and without much restrictive assumptions. Comparison of the results from the 3-D
model and from the much simpler representation of the 2-D model itself is of great
interest.

Due to the limitations of the ANSYS educational institute license that restricts

total number of nodes in the model, this could not be pursued further and is left as a
suggested future research activity. A representative temperature distribution from the 3D models is shown in Figure 15. The temperature distributions in all the elements of the
model at different coordinates appear quite realistic and clearly the 3-D FEM model is
able to capture the GHX heat transfer phenomena.
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Figure 15: 3 D Modeling Results

NODAL SOLUTION
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CHAPTER 6
DEVELOPMENT OF ANALYTICAL MODELS
Introduction
Though GSHP technology is rapidly gaining ground in the developing world, in
several warm climatic zones there are serious imbalances between the annual heating
loads and the cooling loads such that the temperature around the GHX increases
significantly and the GHX is not able to achieve the target EWT. The “hybrid” GSHP
technology with a supplemental heat rejector may be the appropriate choice under such
situation. Other options for keeping the load imbalance under control are opportunistic
cooling of the ground heat exchanger (GHX) using evaporative or radiative mechanisms.
Under such situations, the GHX would rarely reach a steady flux condition - a
precondition for applicability of the classical available solutions. Consequently, for
modeling a GSHP system that includes a supplemental heat rejector, an analytical or a
semi-analytical formula with the capability of quickly predicting the temperature
response due to a change in the heat pulse is of great value. Further, during the thermal
response test to measure the ground thermal properties, the early time fluid temperature
data is rarely used, and the borehole temperature data is rarely captured. In the time —

fluid temperature plots to determine the slope of the temperature rise curve against the
time on a logarithmic scale, only the straight line portion obtained during the later part of
the test is used, and the early time data is discarded. It may be possible to obtain
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additional information regarding key parameters if an analytical model is available that
can model the early stage response even when flux across the boundary has not yet
reached a steady value. The need for closed -form expressions derived from fundamental
physics of the problem can not be overemphasized as these only can illuminate the
complex interrelationship between the key parameters of the problem and the solution.
The total mass of the fluid circulating in the GSHP systems, comprised of the
fluid mass in the ground heat exchanger U-tubes and in the building heat pump circuit
does not enter as a parameter in the system models used in the design calculations. The
designers base their calculation on the assumption of heat exchange across the U-tube
surfaces through the virtual presence of either a cylinder source (CS) or a line source
(LS) of heat in the ground (Equations 3.5 and 3.6). The CS model assumes a steady flux
across the boundary of the borehole of a known diameter into the surrounding medium.
The LS model is based on the sustained release of the heat of constant strength around an
infinite line in the medium. Obviously in these models, the thermal capacity of the mass
of the aggregate fluid in the building and the GHX loops play no role.
In reality the immediate response of the system to a step heat input is the gradual
build up of the heat flux across the bore boundaries and a slow rise in the EWT that is
damped by the aggregate thermal mass of the fluid. This early response characteristic of
the GHX is important in the design process as the peak EWT is the resultant of the long
term and the short term thermal response of the ground to the building load history. In
absence of an analytical model that captures the short term thermal response to a
reasonable degree, the researchers and the designers have used empirically summarized
results of experimental investigations or numerical simulations.
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Modeling Challenges and the Present Contribution
Historically, analytical models for the actual GHX, comprising of the U-tube,
grout and borehole ensemble are based on the single-tube representations. It is argued
that after some time the asymmetric heat penetration to the medium caused by the hotter
fluid in the down pipe and the relatively cooler fluid in the adjacent leg can be ignored,
and the temperature distribution in the soil would resemble a thermal field developed by a
single pipe of equivalent diameter.
In the longer time frame, the modeling issues for the GHX are the thermal
interference of the adjacent boreholes and the heat flow across the boundary limits both
in the lateral and axial directions of the GHX field. In the early stage of the flux build-up
after a unit step heat input, the fluid temperatures have generally been obtained through
numerical procedures (Yavazaturk et al., 1999; Young, 2004; Xu and Spitler, 2006). The
key challenges for any reasonable analytical representation of the heat-transfer in a GHX,
in the current framework of model development are:
1. Accounting for the thermal mass of the core and of the circulating fluid.
2. Accounting for the impact of the grout envelope.
3. Determining an equivalent diameter for the core to enable application of
the analytical equations.
4. Ascertaining the impact of the thermal short circuit between the adjacent
legs.
In this dissertation, it is believed that significant contributions have been made in
items 1 and 2. Discussion on the above items would follow in the subsequent sections and
also in Chapter 7.
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Thermal Mass of the Core and the Fluid
As mentioned in the previous section, in the classical analytical solutions, the
thermal mass of the core and the fluid are not taken into account. In the LS solution,
there is no discontinuity in the problem domain and the thermal mass of the core is same
as that of the medium geometrically displaced by the pipe. In the CS model, the core is
not part of the problem domain as the constant flux is applied through the boundary of a
cylindrical hole as a step change. Thermal capacity of the fluid is taken into account in
the numerical models (Muraya, 1994; Shonder and Beck, 2000; Rottmayer et ah, 1997;
Yavazaturk et ah, 1999; Xu and Spitler, 2006). Usually in the 2-D grids of the numerical
domain, several cells of the grid represent the fluid mass. The GEMS2D code developed
at the Oklahoma State University has a provision for increasing the thermal capacity in
the fluid cells by incorporating a fluid multiplication factor (Young, 2004).
The heat carrier fluid exchanges heat simultaneously in the GHX loop and the
heat pump loop of the building. In the building loop, the heat pumps reject the heat in the
coaxial heat exchangers through which the carrier fluid flows at a pre-set rate. For a
given heat rejection rate, the temperature rise of the fluid is directly proportional to the
flow rate. In the GHX loop, this heat is transferred to the ground. The net temperature
response is damped by the thermal mass of the total fluid. The analytical models that
have considered the fluid thermal capacity include the CS model (Model 3) used by
Gehlin and Hellstrom (2003), and the Borehole Fluid Thermal Mass (BFTM) model
(Young, 2004). Gehlin and Hellstrom used the large time solution for the heating of a
semi-infinite body by a cylindrical probe with a given thermal mass.

The solution,

discussed in Carslaw and Jaeger (1959, p.345) is based on Blackwell’s (1954) work. The
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heat capacity of the core was computed over the entire borehole weighted on the basis of
the occupied areas of fluid and grout across a section. The borehole thermal resistance
(R b )

was an unknown parameter that has to be determined from the thermal response

tests. Gehlin and Hellstrom (2003) used three sets of data to test four models and
concluded that this model poorly agrees with other models (LS and numerical) and
overestimates both the thermal parameters of k and Rb. Using the same formula
Hellstrom (1991, p.167) also worked out the upper time limit after which the fluid
capacity may be neglected.

Young (2004) has described a model where the buried

electric cable analogy was used, and the temperature expression reported in Carslaw and
Jaeger (1959, p.345) was used to compute the water temperature. The result was
compared with a numerical model (GEMS2D), but the formula results did not compare
well in many situations. This approach took into account the fluid mass outside the
borehole and recommended that increasing the fluid mass outside the borehole may be
considered to decrease the temperature spike due to short heat pulse.
Virtual Solid Model
In our work, the circulating fluid is modeled as a virtual solid. For any single
borehole at any given instance the portion of the specific fluid mass (aggregate mass of
the fluid in the system per borehole) outside the U-tubes is in the building loop
connecting pipes and inside the heat pumps. If the building is in the cooling mode, the
system outside the boreholes may be modeled as a well insulated (adiabatic) tank where
this portion of the specific fluid mass outside the U-tube receives heat from a heater coil.
In the next step, the tank is dispensed with and the heat is now generated inside the
borehole. The fluid in the borehole is replaced by a solid with the same thermal mass of
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the specific fluid mass. The solid may be visualized as having the same density of the
fluid, but having a higher specific heat (LpR times the specific heat of the fluid). This
imagery maintains identical thermal capacity, and yet fitting into the pipe space. As we
are not interested in the fluid flow parameters per se, but in the heat transport properties,
the solid is assumed to have infinite heat conductivity, and a thermal contact resistance
with the U-tube walls.

The key dimensionless parameter that characterizes the heat

transfer is the Biot no. (Bi) given by

Bi=

fu
V

( 6 . 1)

K k j
The Biot no. is often useful for the analysis of conductive -convective heat
transfer between a solid surface and a fluid, and is the ratio of the thermal resistance of
the two media exchanging heat across a surface. For a single pipe, L is the diameter of
the pipe of diameter Deq> and k refers to the thermal conductivity of the solid. The hcq is
the equivalent film conductance computed on the external surface of the pipe with the
thermal resistance of the pipe wall section accounted for, and is given as:
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An identical relationship was used by Deerman and Kavanaugh (1991) in their
analysis. The heat transferred to the fluid is now modeled as heat generated within the
solid uniformly over the length of the solid cylinder in the core, similar to heat generated
in the core of a fuel rod in a nuclear reactor or by resistive heating in a heating rod. This
analogy of a well stirred fluid and solid in the conduction heat transfer is also described
by Carslaw and Jaeger (1959. p. 22). In the VS model, several choices for analytical
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models exist as this problem of heat transfer is well studied (Carslaw and Jaeger, 1959).
Each analytical model has its limitations. Therefore to fit the particular problem to the
problem domain of the solution, simplifying assumptions are required. The solution used
here was developed by Blackwell (1954). The large and small time simpler expressions
of the same have been discussed by Carslaw and Jaeger (1959, p.345)
This model, however, enables the average fluid temperature of the core fluid mass
(6*) to be determined directly. This imagery is limited to the heat transfer process
between the ground and the fluid for the single pipe representation in 2-D. All the
currently available analytical models also have identical constraints. However it will be
shown later that the solution can represent the heat transfer across the U-tube geometry
accurately though there are some limitations.
Analytical Solution
The analytical model is based on the solution of the unsteady state heat Equation
in the cylindrical coordinates given as:
d26 1 90 l 90
— - + ------dr
r dr a dr

,,
(6.3)

One of the boundary conditions for the medium represents the semi-infinite geometry, i.e.
Limit 0 = 0
r -» oo

This solution is only for the homogenous medium extending up to the boundary of the
VS cylinder. The “virtual solid” generating heat is in direct contact with the medium, hut
with a thermal contact conductance, heq. The heat balances in the core volume and on the
contact boundary surface produce the other boundary conditions:
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The analytical solution (Blackwell, 1954) is as follows:
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Dc, the diameter of the core, is the characteristic length of the system. Sc is the thermal
capacity per unit length of the core while S is the thermal capacity of the medium of same
volume i.e., S/Sc is the ratio of the heat capacity of an equivalent volume of the medium
to that of the core.
The integral cannot be expressed as an algebraic function, but may be evaluated
for various specific heat ratios and Biot nos. that depend on the fluid flow regime and
geometry factors. The VS solution as described above is a single step solution in the non
steady flux state for the borehole heat transfer as it gives the average water temperature
change in a single expression. This is applicable to a homogeneous medium and can be
used directly in situations where the borehole cuttings are used to fill the hole after the

insertion of the U-tube.
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Example Reference Conditions

Numerical computations with actual ‘real-life’ parameters are required for
validation and further improvement on behavior of this analytical solution. The geometry
parameters and the soil thermal properties of the clay soil (Lake Agassiz sediment) used
in the calculations pertain to an actual existing installation on the campus of the
University of North Dakota in Grand Forks. Characteristics of the UND system are
presented in Table 3. The heat transfer fluid assumed in these calculations is water.
Table 3. Example Parameters for Parametric Analysis
Item_____________ Property______ Value
114.3
Borehole
Dia

Fluid
Water
Pipe-1 in. IPS
SDR-11

Value
4.5

Unit(lP)____
in

W/m

41.6

BTU/h.ft

1.1
2750

W/m. K
kJ/m3 K

0.636
41

Btu/h.ft.°F
Btu/ft3. °F

2.1

W/m. K

1.213

Btu/h.ft. °F

pc

1756

kJ/m3 K

26.2

Btu/ft3. °F

k
pc
h
pc
k

3
2400
1700
4182
0.6

W/m. K
kJ/m3 K
W/m2 K
kJ/m3 K
W/m. K

1.733
35.8
299.4
62.4
0.347

Btu/h.ft. °F
Btu/ft3. °F
Btu/h.ft2. °F
Btu/ft3. °F
Btu/h.ft. °F

ID
OD

27.4
33.4

Mm
mm

Heat Input Rate
Mediums
Lake Agassiz Clay k
pc
Moist Sandy Soil
k

Typical Rock

Unit(SI)
mm

k

40

1.08
1.31

in.
in.

0.3895 W/m. K

0.225

Btu/h.ft. °F

kJ/m3 K

28.4

Btu/ft3. °F

pc

1900

Tube Spacing

Nil

The heq computed using Equation (6.2) is 109 W/m2.K (19.2 Btu/h.ft2' °F), and the
Biot no. has been determined as 6.6 (basis explained later) for the clay soil. The
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characteristic length used in the Biot no. is twice the OD of the tubes of the U-tube
assembly for the zero tube spacing configuration of the U-tube.
Steady Flux Condition
The time to reach the steady flux condition can be derived in straight forward
manner from the Equation (6.4) with the following:
Percent of energy absorbed in the core to energy released in the borehole
[ (P c Cc 0 c ) W c 2

(6.5)
In Figure 16, the G-values (dimensionless temperature) values are shown at different loop
fluid mass ratios (LpR) for the clay soil. The minimum value chosen for LpR is 1.
Though clearly some fluid outside the U-tubes will always be present, unit value of LpR
is considered to facilitate analysis of one extreme. The reduced temperature response for
the system with higher fluid mass is clearly evident. For the highest LpR of 3.0, the Gvalues are lower by about 0.04 at around one hour. In the reference condition this would
imply a temperature difference of about 1.5°C (2.6°F) after imposing a heat pulse of 40
W/m (41.6 BTU/h.ft). The G-value curves begin to converge after Log (Fo) =1 i.e.,
Fo>10 (corresponding to about 4 hours in real time for the given situation) showing
reduced impact of the thermal capacity of the core. In Figure 16, the G-values as
implemented in the ASFIRAE design manual (Kavanaugh and Rafferty, 1997) for the
specific situation is also shown and it appears that the G-values nearly converge with the
VS solution for Fo>60 (corresponding to about 23 hours).
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Figure 16: Typical G Plot for Different Loop Ratios
In Figure 17, the percent of heat absorbed by the fluid is shown at different LpR
values. It is observed that the system with the lower thermal capacity of the core absorbs
a higher percent of the heat energy. This is somewhat counter intuitive. Clearly the higher
temperature rise due to the smaller thermal capacity of the core does not lead to faster
diffusion across the medium. It is also concluded from Figure 17 that the steady flux
condition may be reached nearly independent of LpR value i.e., the total mass of the fluid
does not substantially impact the time to reach the steady flux state.

76

)duced with permission of the copyright owner. Further reproduction prohibited without permission.

0.5 hrs

1 hr

2hrs
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20 hrs

+ Time (Hrs)

Figure 17: Percent of Heat Absorbed in the Core (Fluid)
Solution behavior in Different Media
G-plots for a loop ratio of 2 for three different types of soil (described in Table 3) under
the identical condition of step heat pulse is presented in Figure 18. The same plot also
shows the CS solution for one of the mediums (the sandy soil) based on the steady flux at
the borehole (with Rb computed using approximate multipole formula) and Fo values
adjusted for change in the radius parameter from rb to rc . It is evident that the thermal
responses of different soil types are significantly different in the range of Fourier
numbers of interest. The CS solution is essentially a steady flux solution, and is not
expected to yield accurate results at the early stage. But differences between the CS
solution and the VS solution at a loop ratio of 2 (a very realistic condition) persists even
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for Fo> 100. The CS solution in Figure 18 is based on the steady flux at the borehole of
0.117 m dia (4.5 in) while the ASHRAE curve of Figure 16 is based on steady flux at a
narrower diameter - the equivalent diameter of 0.055 m (0.18 ft) resulting in superior
convergence with the VS solution in Figure 16.

—o— Heavy Clay soil
— a— Typical Rock

— b— Moist Sandy soil
- - x- - Cyl Source (Sandy Soil)

Figure 18: G-plot for Different Types of Medium
The interesting aspect of Figure 18 is the way the heat capacities of the medium
affect the temperature response of the fluid. In the CS/LS solutions, the heat capacity of
the medium enters into solution only through the Fourier no. In the VS solution, the S/Sc
ratio is a significant parameter for evaluating the integral, and the shape of the G-plots for
different soils are different significantly due to this influence.
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This is further investigated by investigating the behavior of three hypothetical
media with differing thermal conductivity values, but identical thermal diffusivity as
given in Table 4. In Figure 19, the G-values obtained through Equation (6.4) are plotted
against Log (Fo) for these three different types of soil.

^— High Response

—a— Low Response

-a— Medium Response

Cyl Source (Sandy Soil)

Figure 19: G-plot for Mediums with Same Diffusivity and Different Conductivity
Since the plot is in dimensionless variables, it requires more careful interpretation.
If the G-plots would have been identical, then for the same heat input rate q', the
temperature rise at a given time would have been inversely proportional to their k ratios
i.e, the high G soil would have half the temperature rise of the low G soil as their k value
for the high G soil is twice that of the low G soil. But different conditions are created in
the high-G medium due to lower Biot no. and higher S/Sc ratio. The lower Biot No
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implies relatively higher convective thermal resistance leading to higher temperature
gradient across the fluid boundary layer. At the same time, a higher S/Sc ratio implies
lower relative thermal capacity of the fluid vis-a-vis the ground, and hence reduced
damping effect on the fluid temperature. So the beneficial effect of the higher thermal
conductivity is somewhat reduced.
Table 4. Properties of Soils used to Study Effect of Thermal Capacity Ratio and Biot no.
Type

High-G

Medium-G

Low-G

4.0

2.2

3.0

3200

1755.6

2400

1 .2 5 x l0 -6
1.83
1” SDR 11

1 .2 5 x l0 '6
3.32
1” SDR 11

1 .2 5 x l0 '6
2.44
1” SDR 11

Additional fluid mass in
the system

100%

100%

100%

0(S/Sc)

0.57

0.31

0.43

Soil conductivity (k)
(W/m. K)
pc (kJ/m 3)
Thermal Diffusivity (m 2/s)
Biot No
Tube size

In constructing Table 4, a more realistic 100% additional fluid mass in the GHX
system has been considered to account for the fluid mass in the piping circuit and the heat
pumps. In Figure 19, CS solution for the low G soil is also shown for comparison
purpose. It is seen that even with relatively high diffusivity of (1.25><10'6m2/s), the CS
solution stays above the VS-solution till about Fo of 100, corresponding to about 12
hours in real time in this particular case.
Comparison with the LS Solution
The large time expression for the VS solution as given by Carslaw and Jaeger
(1959, p.345, Equation 18) is given as follows:
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where P= Ln (4 Fo)-y
It is interesting to note that the first term of the above expression 1/(47tP)
corresponds to an approximation of the LS solution, while the second term l/(Biir))
represents the difference between the core temperature (6C) given by the VS solution as
against the core boundary temperature given by the LS solution

The VS solution

diverges from the LS solution as there are other terms that continue to remain important
over a longer time period. The limiting value of the additional terms is zero for large Fo
(P/Fo can be expressed as a power series of Fo and its convergence behavior may be
observed). Clearly the solution passes the test of limiting value. The large time algebraic
expression for G (Fo, Bi, S/Sc) also converges with the actual solution with the definite
integral term given by Equation 11 for Fo> 100.
Comparison with Numerical Solutions
In Chapter 5, the development of numerical models for the validation and
comparison purpose has been discussed. The results from the analytical VS solution have
been compared with that from finite element models in two dimensions for a single pipe
core and also for the U-tube assembly. For further analysis and comparison of the results
from FE modeling and the VS solution, a equivalent tube (e-tube) imagery is created for
the U-tube geometry that enables direct application of Equation (6.4). The e-tube is a
solid rod with a diameter y2 times the actual tube OD of the single tube of the U-tube
assembly with identical thermal capacity of the filled U-tubes. This dimensional
relationship preserves the area of cross section of the U- tube geometry. The thermal
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capacity is proportionally increased for loop ratios greater than one. The solid of the etube has very high thermal conductivity, and no thermal gradient is sustained inside the etube except at the perimeter of contact with the medium. The contact conductance of the
e-tube is the heq of the single tube as given by Equation (6.2). Heat may be generated
within the e-tube at a predetermined rate for unit length. The ANSYS solution with
appropriate real constants for a single e-tube at the centre of the domain is completely
congruent to the VS analytical solution with matching parameters given in Table 5.
Table 5. Matching Parameters for ANSYS with e-Tube Core and the VS
Analytical Solution

1

VS-Solution
ANSYS
Thermal capacity of the core (Mass 71) S/Sc = 0.975 (Clay/Water)
set to the same for two tubes of the UBiot No. based on the e-tube
tube filled with water(e-tube).
diameter (v2 times actual
tube OD)

2

heq = 109.2 W/m2.K(19.2 Btu/h.ft2. °F) Bi = 4.69 computed on the
based on the OD of real tube applied basis of length scale equal to
dia of the e-tube, the hcq and
to the e-tube.
the k for the clay soil.

3

Values for the thermal properties of the pc of clay and water used for
clay soil used in the material properties the S/Sc computation.
description.
At the first instance, the Biot no. for the e-tube is computed using its diameter as

the characteristic length, as defined in Equation (6.1). The complete matching of the
results of the FE model with a single tube core and the analytical solution is hardly
surprising as they describe identical physical phenomena. This, however, serves the
useful purpose of validation of the FE model. A typical problem domain of the FE model
with the e-tube core is shown in Figure 20, while the same with one leg of the actual Utube is shown in Figure 21.
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Figure 20: FE Problem Domain with e-Tube (Single Core)
Discussion of Results from Analytical Models
Tube Spacing Variation
When the single e-tube in the core is replaced by the actual U-tube with variable
tube spacing in the FE models, it is observed that the results agree with the VS model Gvalues for a specific value of the Biot no. The matching value of Biot no. value, in turn,
depends, for a given medium, only on the tube spacing ratio (defined as the distance
between the walls of the two tubes divided by the tube outer radius). In Figure 22, the
zero spacing FEM result for the clay soil is compared with the VS solution for a Biot no.
of 6.63 and a close match of the two solutions is observed.
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Figure 21: FE Problem Domain with Actual U-tube

------- V S s o l n f o r 2 t u b e s t o u c h i n g G e o m e t r y

x

F E M r e s u l t s for i d e n t i c a l G e o m e t r y J

Figure 22: Comparison of the FEM Results for a U-tube Geometry and the VS Solution
(with zero tube pacing)
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This value of the Biot no. corresponds to a length scale twice the OD of a single tube.
The same exercises have been repeated for the other two mediums with three different
tube sizes, and have been found to be true in all cases. This is indeed a significant
observation as this enables direct computation of the fluid temperature in a real U-tube
geometry without resorting to either an equivalent diameter or a steady flux assumption.
Further the incorporation of the thermal mass of the aggregate fluid in the model opens
up other interesting possibilities.

Figure 23: Comparison of the FEM Results for a U-tube Geometry and the VS Solution
(with spacing ratios of 0.25 and 2.0).
In Figure 23, the FEM solutions for the U-tube geometry in the same clay
medium are compared with the VS model solution with a low and a high tube spacing
ratio. While at the lower SpR, the two solutions match closely, at the higher SpR the two
curves intersect each other and values diverge both at the lower and the higher end of Fo
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range. Evidently the VS solution is not able to capture the physics of the process any
more.

0

0 .2

0 .4
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Tube spacing ratio
■ ♦■■■■ B iot N o s fo r 1 in ch tu b e H e a v y c la y so il

Figure 24: Biot no. vs Tube Spacing Ratio for a Clay Soil
In Figure 24, the Biot nos. and the corresponding tube spacing ratios are plotted
for the clay medium. It is seen that till a tube spacing ratio of about 1.5 corresponding to
a Biot no. of 100, the solutions match closely. This is further validated with three
different sizes of tubes IPS DR-11 pipes of nominal sizes of 0.75 inch and 1.5 inch in the
same medium.
However the extent of increase of the Biot no. with increasing tube spacing ratio
depends on the Biot no. for the zero tube spacing ratio (Bi°) i.e., tubes touching each

other. The influence of the Biot no. on the temperature gradients in the convection conduction heat transfer situation is well studied (Myers, 1998). It is observed that when
Bi° is in the range of 2-3 as may be the case of high conductivity soils with the fluid in
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turbulent flow, the VS solution may remain valid for tube spacing ratio of even up to 4,
and the Biot no. can double from the zero spacing value. On the other hand, in low
conductivity soils with Bi° values in the range of 6-7, the Biot no. may increase by
approximately 12-15 times even with the increase of the tube spacing ratio of 1.5. The
VS solution results deviate from the FEM results with SpR values beyond this threshold
value.

The increase of Biot no. is equivalent to increased convective heat transfer

coefficient. Thus increasing the spacing between the tubes is equivalent to an increased
fluid flow rate for obtaining higher Reynolds no. and Nusselt no.
Table 6. Tube Spacing Ratio and Corresponding Biot nos.

Tube spacing
ratio

Typical Biot Numbers
Comments
_____________________ _
Medium ks
High ks
Low ks
Bi°
Tubes touching
(Typical values)

3.49

2.43

4

2.8

5

3.2

7

3.5

NA
NA
NA

8
10
15

4
4.7
5

NA:Not Applicable

NA

NA

5.0~

-Slight increase

0

6.63

0.25
0.5
0.75
1
1.25
1.5

9
11
15
20
30
100

2
2.5
3
4

The VS model consequently would facilitate quantitative cost-benefit analysis for
the usage of spacers, increased pumping energy to increase h, etc. A full table needs to be
constructed showing the complete range of practically achievable Bi° values and
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corresponding Biot no. with changed tube spacing ratio. A truncated version of the same
is shown in Table 6.
It is to be noted that Table 6 values are typical values obtained from the actual FE
model behaviors for the example configuration and mediums described in Table 3
Further, Table 6 also points out the limitation of the VS model as applicable for the Utube geometry. In the medium to high k soils, it would possibly cover all practical tube
spacing though the same may not hold true for the low k soils.
Composite Media
The VS solution applies only to a homogenous media and it certainly restricts its
usefulness to some extent. As discussed earlier, the long time algebraic expression of the
VS model was used by Gehlin and Hellstrom (2003) for modeling the composite media
of the borehole. They considered the entire borehole with the grout as the core generating
the heat, and transferred the entire thermal resistance consisting of the contributions from
the fluid, the pipes and the grout, to the borehole boundary. This approach did not work
well except for at much longer times. Young (2004) used the buried cable model as
reported in Carslaw and Jaeger (1959, p.344, Equation. 14) and met with limited success.
The buried cable model envisages a single thermal resistance sandwiched between two
perfect conductors - the core and the sheath. Like Gehlin and Hellstrom (2003), Young
also transferred the entire thermal resistance to the sandwiched layer, and equated the
thermal capacity of the sheath to the thermal capacity of the grout. As the results were not
quite agreeing with the results from the numerical model (GEMS2D), Young adjusted the
model by allocating a portion of the thermal capacity of the grout to the core. This
improved the fit and this factor was termed as the grout allocation factor.
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It is foreseen that at the initial stages of a step heat input in the borehole, the
thermal front is within the grout envelope and has not seen the borehole boundary. The
Biot no. applicable in the VS solution would, consequently, be determined by the tube
spacing ratio and kg and is different from the Biot no. in the late stage. If kg<ks, the early
stage Biot no. may increase proportionally by the conductivity ratio (ks/ kg ) for the zero
tube spacing configuration. However as could be seen from Table 6, the Biot no. may
increase quite disproportionately for an arm’s length configuration (tube spacing ratio
» 0 ) . The change in the Biot no. depends on the applicable values in Table 6 of the Bi°
values for the medium and the grout. Thus the early stage G-values does not depend on
either the borehole diameter or on the medium conductivity. Indeed this is clearly
observed in the G-plots from the FE models for the grouted boreholes (Figures 25 and
26).
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Figure 25: G plot for a Borehole with a Standard Bentonite Grout

__________
—■— VS m odel

__________ Log(Fo)
(m edium only)
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Figure 26: G plot for a Borehole with Thermally Enhanced Grout (TEG).
In Figure 25, the G plot for a typical grouted borehole is shown with the material
properties modeled after the example given by Young (2004). The borehole and the Utubes are identical to the ones described in Table 1 except that the pipe spacing ratio is
0.19. The ks value is 2.5 W/m.K (1.44 Btu/h.ft2.°F), and the pc value set at 2500 kJ/m3
(3 7 .3

Btu/ft3.°F ). The grout chosen is standard

20%

bentonite with

kg

of

0 .7 5

W/m.K

(0.433 Btu/h.ft2.°F) with a pc value of 3900 kJ/m3 (58.2 Btu/ft3.°F). In the first step, Gvalues and the corresponding Fog values are computed from Equation (6.4) with S/Sc
value and the Biot no. as applicable for the specific grout/ tube- geometry combination.
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Since in the G-plot of Figure 25, the y-axis values are computed on the basis of ks, and
the x- values on the basis of Fo corresponding to
are adjusted

, the first step G-values and the Fog

for plotting on G(ks0/qj vs. Fos chart. This transformation essentially is

rotation of the original G-curve in the ratio of ks/ kg followed by a parallel shift of this in
the x-direction by Log (cts/cxg). This creates the ‘early stage’ G-value line. It is observed
that the actual FE results matches with this early line fairly closely till about Fo of 10 in
this specific situation. The ‘late stage’ line is obtained by adding a steady state
differential borehole resistance

(A R b )

to the G-value line for the step heat response in the

homogenous medium using the appropriate parameters in Equation (6.4). The ARb may
be computed on the basis of multipole methodology (Hellstorm, 1991). The example
calculations are based on the approximate formula of Hellstrom (1991, p.89).
The differential borehole resistance

( A R b)

is the difference between the steady

state thermal resistance of the borehole with the grout

(R b )

and the same with the soil

replacing the grout i.e., for the undisturbed ground. This is positive when kg<ks , and
negative when kg>ks.

ARb

is added to the G-curve response of the homogenous medium

essentially to model the process of replacing the medium in the borehole by a material
with different properties (grout) in the drilling process. Within the range of values
examined (detailed in Table 3), the computed ARb compare reasonably well (±6%) with
the observed ARb from the FE models at around Fo =100. Since this is only a differential
value added to the homogenous medium response, effect of this error is reduced. Further
this error is systemic in nature, and hence an appropriate correction term may be added in
future after a thorough parametric study.
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The early line and late line intersect at a point corresponding to a transition time
as proposed by Sutton et al (2002). When the grout and the medium have identical
thermal properties (k ,a ), the ‘early’ line and the Tate’ lines overlap, since the early line
undergoes no rotation or shift. In the transition zone, to the left of the transition point, the
G-plot exits from the early line and merges with the late line. The Tate line’ corresponds
to a period when the thermal front has reached the borehole boundary, and the thermal
process is governed by the properties of the medium. The transition time depends on the
borehole to tube diameter ratio and on other parameters. A larger ratio would clearly
lead to a later transition. It is expected that the width of the transition band would depend
on the ratio of the heat capacities of the grout and the medium, a higher grout heat
capacity implying a wider band.
In Figure 26, a similar G-plot is shown for identical condition as for Figure 25
except that the grout thermal conductivity is doubled. It is seen that the early line and the
late line intersects nearly at the same Fourier no. of about 17-19, but in absolute time
scale they represent widely differing values. While for the grout with higher kg value, the
transition time is at about 3 hours, the same for the other grout is about 14 hours. It is
ascertained from Figure 25 and Figure 26 that the early lines and late lines form the
envelope for the G-value in the transition zone, and a distinct transition time exists. The
factors that determine the relative positions of the take off point and the merging point
vis-a-vis the transition point on the early and the late lines however are still unclear and
would require further parametric study. Similarly the shape of the G-plot and its analytic
representation in the transition zone may be established in the future through further
study.
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Equivalent Diameter

The need for finding an equivalent diameter for the U-tubes arose in the quest to
apply the analytical solutions for the single cylindrical core to the U-tube geometry.
Historically the equivalent diameter has been given as yjl times the OD of one tube of the
U-tube assembly. Mei and Baxter (1986) first raised the controversy on the ‘equivalent
diameter’ approach though it was not with an attempt to apply this in any analytical
formula. They were trying to extend a finite difference (FD) numerical model of a
concentric tube ground heat exchanger to the U-tube geometry. The experimental results
from six boreholes were matched with the FD model output to obtain the equivalent
diameter. An excerpt from their paper underscores the underlying dilemma of the
modeler:
....(1) with the equivalent diameter larger than the actual tube size, should one
assume constant flow rate or constant velocity ? (2) How would the convective
heat transfer coefficient which would be highly dependent on the Reynold’s
number (Re) be calculated? etc....
When the borehole boundary as used as the reference for application of the LS or CS
solution, one does not require any equivalent diameter parameter. The boundary
temperature is obtained by using either approach using this well defined predetermined
parameter. The Rb for the U-tube geometry is computed directly and the EWT is obtained
by adding the two.

But often the grout material has high water content and hence

significant thermal capacity. Thus to assume a steady flux situation across the borehole
required longer time, and yet short time temperature response are required for
ascertaining the impact of the peak load of shorter duration. This was the motivation to
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shift the reference surface inside the grout part of the borehole as has been contemplated
by several researchers (Kavanaugh, 1992; ASHRAE, 2003). In such a case, an equivalent
diameter is required for application of the analytical formula. Kavanaugh and Deerman
(1991) were the first to incorporate a correction to the historic yjl D0 by considering the
separation distance between the two legs of the tube (Figure 11), and set the equivalent
radius as
(6.7)
where x is the distance of separation between the two pipes, the Fo(o t/r2) was computed
on the basis of this formula and plugged in the CS-solution to obtain the G-value. In the
ASHRAE publication (Kavanaugh and Rafferty, 1997), a similar approach was used and
a table of equivalent diameter was given instead of a formula. It appears that the table is
constructed using the Equation (6.7) with a constant separation distance of 0.008 m.
between the two legs of the U-tube.
Sutton et al. (2002) and later Lamarche and Beauchamp (2007) also used a
reference cylindrical surface inside the borehole, where a constant flux was applied. The
concept of constant flux at a hypothetical inner boundary allowed them to use the familiar
hollow cylinder steady state formula to obtain the req, i.e.
.0

( 6 .8)

b

“

*

T

' ■

Rb was computed using the conduction shape factor approach (Paul, 1996) by
Sutton et al (2002). Lamarche and Beauchamp (2007) used the Hellstrom formula (1991)
in the equation, and obtained a reqwhich was used in the new composite media solution
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that they developed. They used a Fourier no. based on rb, and avoided the dilemma of
using the doubtful proposition of using the req in the Fourier no calculation.
Gu and O’Neal (1998) obtained an expression of the equivalent diameter for the
U-tube geometry with the assumption of steady state heat transfer and concentricity of
one tube with the borehole axis. This req was also used for calculation of the steady state
borehole resistance using Equation (6.8). The availability of an actual analytical solution
that may be extended to U-tube geometry to large extent leads to some observations on
the various propositions on the equivalent diameter. A key parameter in the solution is
S/Sc given by
=

Area of cross section of the displaced section/ Area of

cross section of the core.
In case of the U-tube geometry, while the area of cross section of displaced
section is 2nr^ , the area of cross section of the core is 2/zr,2 as the thermal capacity of
the pipe wall is neglected. Thus same S/Sc may be obtained by replacing 27zr02 by
2rJ thus reinforcing the historical ratio of y/2. The other key
issue is what diameter should be used for computation of the Fo? Since very good match
was obtained between the FE model results for the U-tube geometry and Equation (6.4),
when (V2r0) is used in the calculations of Fo, making a strong case for using [J2r0J for
the equivalent relationship. Thus it is difficult to justify relationships between d and (Fo)
when Fo is based on arbitrary equivalent diameter. Using any other equivalent diameter
would lead to parallel shift of the true plot line in the real time axis. Lund University
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researchers (Hellstrom, 1991) did not require any equivalent diameter as in their
approach, they computed the fluid temperature using the borehole boundary as the
reference, and used the steady state borehole resistance formulas as described in Equation
(3.2). If any artificial reference surface is created inside the grout using the steady state
Rb value and the pipe resistance formula (Equation 3.3) so that analytical formulas may
be used to obtain early time response a situation of contradiction of assumptions arise.
Short time response essentially implies an unsteady state and stage of flux build up and
yet the Rb value is a steady state parameter. Bernier (2000) has argued on similar lines
and made a case for using the borehole boundary as the reference surface for application
of analytical formulas. The above discussion is pertinent as there is considerable
ambiguity in attempts to find the equivalent diameter of the U-tube core.
The Short Circuit
The short circuit heat transfer that takes place due to the presence of two pipes
containing fluid at different temperatures in close proximity of each other is a vexing
problem to the modelers and during actual operation. In the numerical modeling with two
pipes in the problem domain, this issue is not addressed as the two pipes are assumed at
the same temperature. In single core analytical modeling or two pipe numerical modeling
in 2-D this issue can not be analyzed.
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CHAPTER 7
A SEMI-INFINITE MODEL
Introduction
It is evident from the discussions in the previous chapter (Chapter 6) that none of
the current analytical models can be applied to obtain a temperature solution for the Utube geometry in composite media when the problem domain includes the grout with
different thermal properties around the U-tubes in the borehole. A hybrid method was
used in the previous chapter to generate solutions to match with FE solutions where the
short term thermal response was obtained by using the grout parameters for the Biot no.
in the initial stage and a steady state borehole resistance at the later stage. Though this
solution technique produced temperature values that matched very well with the FE
results in the early stage and the late stage, the results in the intermediate stage could not
be derived using the analytical formula. A curve-fit approach was suggested, and this
required further research.
An alternative solution has been developed in this chapter in parallel. This uses a
standard technique for solving the problems of heat conduction viz, Laplace
transformation that is particularly useful for solving complex problems (Carslaw and
Jaeger, 1959, p.296).In this technique, first 0(t) is transformed to §(s) through the
following operation:
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Q(s) = L{d{x,y,z,t)} =

sl0(x,y,z,t)dt

(7.1)

This transformation converts the one-dimensional heat equation from a partial
differential equation (PDE) to an ordinary differential equation (ODE). The boundary
conditions are also transformed and together with the ODE define the transformed
problem. Once a solution is obtained to this redefined problem (Laplace domain
solution), the solution to the original problem is found by either referring to a standard
table of transform pairs, or using a contour integral approach (Carslaw and Jaeger, 1959,
p.302). In this particular problem of our interest, it has been possible to develop a
solution in the Laplace domain. The inverse Laplace solution that would have resulted in
the analytical temperature solution could not be obtained by the standard techniques. In
this dissertation, the Laplace inverse has been obtained using numerical methods.
Semi-analytical Solution for the Grouted Borehole
Dimensionless Variables
The heat equation for the grouted borehole in cylindrical geometry and in nondimensional form has been described by Gu and O’Neal (1995), Beier and Smith (2003)
as well as by Lamarche and Beauchamp (2007). The dimensionless variables used by
different authors are not consistent, and we describe the equation adopting the nondimensional variables used in the classical treatise of Carslaw and Jaeger (1959) modified
marginally for present day usage. The dimensionless temperature and the Fourier no pose

no problem and these are set as follows:
Fo
and

*y
(« J
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while 6* describes the dimensionless variable, the computed value of the variable is the
well known G-value used in the GSHP literature and consistently used by Carslaw and
Jaeger (1959).

For incorporating the ratio of h/k in a dimensionless parameter after

assimilating a length scale, Carslaw and Jaeger (1959, p. 344) used 2trRk that may be
expressed as k/(rh). The last term is recognized as twice the reciprocal of Biot no. (2/Bi)
defined with the core diameter as the characteristic length. Consequently the Biot no. has
been chosen as the dimensionless parameter as its use is widespread in heat conduction
literature. For the parameter of the ratio of the thermal capacities of the medium to that
of the core, we have defined 13 (S/Sc) as the ratio of thermal capacity of the medium
displaced by the core to the thermal capacity per unit length of the core. Carslaw and
Jaeger (1959) used a parameter that is twice the (3 value. In case of no excess fluid outside
the borehole in the system,
a M jo
^ ~ {pc) f r,2
where pc is the volumetric heat capacity. The thermal capacity of the tube walls are
ignored in the above. Finally the thermal conductivity ratio and the diffusivity ratios are
represented as:
k*= kg/kSi and

a ’ = ag /a s

Problem Definition
Assuming only radial heat flow and using the above dimensionless variables and
parameters, the heat equation for the region of cylindrical symmetry in the grout is as
follows:
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1

<
nK

d

r ' dr'

dr'

a ’ 5Fc»

b > r* > 1, Fo > 0

(7.1)

r ' > b , Fo > 0

(7.2)

and for the soil region,
J__5_

#
r. a——
r* Sr*
Sr

dFo

The boundary conditions are described next. For the soil region at the borehole boundary

, se\ _ 8GS

K

dr'

dr'

(7.3)

r*= b, Fo > 0 .

and
r*= b ,Fo >0.

(7.4)

At the far-field of the semi-infinite medium,
r —>oo,

e:= o

(7.5)

Fo>0

The initial condition is given as G'sgtC- 0

for Fo-0. Other applicable boundary

conditions are derived from energy conservation equation at the core, and surface heat
balance at the core / grout boundary.
Surface heat balance condition gives us the following:
2nrah(ef -G g) = -2nrckl

r

8

dr

h dr

at r= rc

(7.6)

at r= rc

(7.7)

where h is the convective heat transfer coefficient referenced on the outer surface of the
tube as described in Chapter 6. Substituting the non-dimensionalized variables, we have

(7.8)

<3? ; = s< ? ; Bi
- ^ 4dr^ - « f - i
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where the Biot no. is another non-dimensional parameter used in the model development,
and is given as ,
B.=

h(2rr)

Finally the energy balance condition in the core gives us
89,
, 89,
- k (27tr )-—*- +(pc)c7irc ~——= q a t r =r c
dr
dt

(7.9)

Substituting the dimensionless variables,
9 '= ^ -

and r ' - r f r

We get
K
2

dt

,
2n

(7.10)

a .t
Fo = — ■ ,

Finally substituting

8r'

8Fo{2/3

271

(7.11)

Further from Equation (7.9),
89f _ S0g e
dt

dt

dt

80„
dt

kg d
h dr

h dr

dt

(7.12)

at r = rc

In the dimensionless form,
99; = 89'g
dt

dt

2k' d0'g
Bi

( 7 .1 3 )

dr'
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However the solutions in the Laplace domain for O',0'g,0* are more easily
obtained, and the expressions look simpler if the temperature of the fluid and that at the
core boundary is assumed to be same as was done by Bier and Smith (2003). They argued
that since the convective heat transfer coefficient (h) is large due to the turbulent regime
of the fluid flow, the fluid temperature may be set to the grout temperature at the core
boundary. This assumption is too restrictive and in this dissertation we have an
alternative approach where instead of the full equality, only the time rate of changes of
the two temperatures is assumed equal. Computation using this model is relatively
simpler, and since the Laplace domain solutions were converted to time domain solutions
using Gaver-Stehfest algorithm, this is called the GS-1 solution.
If we assume

80)

80'

, then essentially the second term in Equation (7.13) is

ignored implying a high value for Bi. The thermal problem, however, is considerably
oversimplified under such assumption. Thus to ignore the second term, one needs to
examine the Biot no. and realistic values obtained in practical situations.

Actually

considered at the outer face of the tube, high h values (about 1600-1700 W/m2) of the
fluid get reduced by an order of ten due to the thermal resistance of the pipe wall. A
practical range of Biot no. obtained for a single tube has been computed between 1-7 for
the usual range of soils, and standard HDPE tubes of various sizes used by the GSHP
industry. Increasing the U-tube size worsens the situation as the reduction of the effective
h value at the outer surface due to increased pipe thickness outweighs the beneficial
effect of the increased pipe diameter. On the other hand, solutions for all the above may
be obtained even without the above assumptions, but the algebraic expressions in the
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Laplace domain are quite complicated.

The complete solution of the problem is

designated as the GS-2 solution.

Solution Outline
The set of Equations (7.1) to (7.13) expressed in the non-dimensionless variables
describes the problem. The composite medium problem has been described for a more
general case with multiple cylindrical layers by Villinger (1984), Ozisik (1993) and Lu et
al. (2006), but without any contact resistance. This greatly simplified the problem, and
solutions in the Laplace domain were obtained. The solutions in the Laplace domain
considering only the far-field boundary condition of arbitrary zero temperature is given
as:
(7.14)
(7.15)
where s is the transform variable and
P=
No analytical solution in the time domain for the given boundary condition is
known, Laplace domain solutions respecting the other boundary conditions are obtained
with algebraic manipulations and the same are presented in the following section. For the
numerical computation of the transform inverse, two variants of the solution are used.
The first one is the complete solution of the problem described in the previous section
(GS-2 solution). The latter is obtained by making the assumption that the time rate of
change of the circulating fluid is same as that of the temperature of the grout at the core
boundary as given below (GS-1 solution):
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8Fo

dFo

at

r* =1 ,

(7.16)

Fo > 0.

Solution in the Laplace Domain
The solutions in the Laplace domain considering only the far-field boundary
condition of arbitrary zero temperature for the composite media problem in cylindrical
symmetry is given as:
e ; = B2 -K 0(yfsr') and

(7.17)

G ^ A M p r l +B ^ i p r ')

(7.18)

where s is the transform variable and
p = yjs/a ’
The other boundary conditions that are to be transformed to the Laplace domain are:
. d9'g d 0 \
K ----- = -----dr'
dr*

2 k -d o ;
6' - e‘ ~

Sr-

r*= b, Fo > 0

(7.19)

r*= b ,Fo >0

(7.20)

r*= 1 ,Fo >0

(7.21)

r*= 1 ,Fo >0

(7.22)

and
, . s e ; do} f n
=—
k
+
dr
d F o ^ ip J 2K

When transformed to the Laplace domain, the last two equations yield:
o} = 0 f
g

r*= 1 ,Fo >0.

2k 59g
Bi dr*
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(7.23)

dr

2/? f

9 * = 2* ’ d 6 s
g
dr'

(

1

2ns

+

£

Bi

V

.

.

sJ

/

L

ns

r*= 1 ,Fo >0.

(7.24)

r*= 1 ,Fo >0

(7.25)

The coefficients of the Laplace domain solution (Equations 7.17 and 7.18) are
given as follows

Al = /3BiCn ID

and

K 0{bp)

K x(bp)

- I 0(bp}Js

h i bp)

B2 = k *PpBi

(7.26)

Bx = j3BiCu / D

(7.27)

/(Dv&)

where

C„ =

c

K 0[b4s)pk'

K0{bp\fs

K x( b ^ )

K x(bp)

*,(/>)

K x{bp\

h ip )

h i bp)

C12 =

K 0( b ^ ) p k '

K x(bJs

~ h ib p ) f s

11(bp)

K 0{bPy fs

K0{bp)

- I 0(bp}Js

h ip )

c22=

2, =

D = ns[sBiDx + 2k' p(s + ft ■Bi)D2j
and where
A = I 0(p )Cu + s K 0(p)Cl2

D2 = K0(by[s)pk'C2l

+Kl(byfs)c22

9'f is found from Equation (7.23)
For the simpler version of the above with the specific assumptions of the GS-1 solution,
the coefficients are given as follow:
D=

J

+ 2k'pf}D2

4 = pC n ID

and

Bx = 0Cl2 / D
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B2 = k ' Pp

K0{bp)
- I 0(bp)\[s

Kx{bp]
/ (Dv§).
P (bp)

d'f is found as before by using the above coefficients in Equation (7.17) and (7.18) and
then obtaining 8e i to be plugged in Equation (7.23).
8r

‘

Gaver -Stehfest (GS) Algorithm
Numerical inversion techniques for the Laplace transform have been of great
interest in diverse fields of engineering such as in geophysics for transient
electromagnetic methods, measurement of thermal properties in multiple layers, in
petroleum engineering for pressure testing in oil wells as well as in other fields. Jacquot
et al.(1983) systematically investigated the accuracy of this technique with a few
transform pairs, and concluded that reasonable accuracy may be achieved for simple nonoscillatory time functions even using 32 bit arithmetical processing (about 7-decimal
digits of resolution). However, they cautioned about the limitation of this method using
smaller word length for oscillatory type functions, e.g. sinusoidal or Bessel functions.
Recently Abate and Valko (2003) has also compared various available methods. The
methods that have been used by researchers in the GSHP field are the Gaver-Stehfest
algorithm by Beier and Smith (2003), and the one developed by Veillon (Sutton et al.,
•

2002) .

If f(t) is the target function in the time domain, and F(s) is its Laplace transform,
then the GS algorithm computes f(t) based on the following:
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(7.28)
with
D (j,K ) = ( - \) J+M £

{M - n).n \(n -\).(j - n).(ln - j). ’

(7.29)

Here K is an assumed even integer, M= K/2, and m is the integer part of (j+l)/2. K is
chosen based on the precision used in the specific computer used for the computation.
For current desktop computers if single precision variables are used, the number of
decimal digits of precision is approximately 16. This can be checked on any computer by
issuing the Mathematica command of $MachinePrecision.
For the computation of the Laplace inverse in this dissertation, K has been set at
10 after examining other options. Increasing K to 14, there was no change in the values.
Increasing K beyond 16 resulted in solution instability and otherwise smooth plots
became wavy.
Computation Results and Discussions
As described earlier, a solution for the temperature at the effective pipe radius was
also developed by Beier and Smith (2003) under a more restrictive assumption of the
fluid temperature being same as the boundary temperature. They matched the results of
computation with the analytical formula of Gu and O’Neal (1995) which is a steady flux
solution. Solutions were not validated through FE methods or through a parametric
analysis and comparison of the results with any widely accepted and easily computed
analytical formula. In this dissertation numerical values of the inverse have been
examined for the two different solutions in the Laplace domain as described earlier and
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results have been compared with the FE solution in each case. The solution with the
simplifying assumption of Equation (7.16) is labeled as GS-1.

Log (Fo)
P ------ Analytical

a

GS 2

+

GS 1

Figure 27: Single Core Boundary Temperatures
The complete solution of the problem as defined is labeled as GS-2. For
computation of the results, a MATLAB program in a desktop computer environment
using Windows Professional operating system was used. Initially results from the single
cylinder geometry were compared with the analytical solutions as shown in Figure 27 and
Figure 28.
Single Core in Homogenous Media
Results were computed and compared with the analytical solutions described in
Chapter 6 for the homogenous media and for a single cylindrical core. The results of the
analytical solution have been matched perfectly with FE model solutions. The analytical
solution produced both the fluid temperature (FT), and the core boundary temperatures
108

xiuced with permission of the copyright owner. Further reproduction prohibited without permission.

(CBT) independently. For the comparison purposes,

three different types of soil as

described in Table 7 were chosen, i.e. high -K (3.0 w/m.k), medium- k (2.1 w/m.k ) and
low -k(l.l w/m.k).

-------- Analytical

o

GS 2

+

GS 1

Figure 28: Fluid Temperatures for Single Core
The diameter of the core was set at 0.047 m, and the equivalent convective heat
transfer coefficient “h” at 109 W/m2 corresponding to the fluid convective heat transfer
coefficient of 1700 W/m2.K at the inner pipe surface. This is the value of effective “h”
obtained for a 1 inch IPS DR-11 tube. The diameter value is y/1 times the OD of the 1
inch IPS DR-11 pipe, though a core of any diameter may be chosen. The Biot no.
computed on the basis of these parameters is 4.69 for the clay soil. As seen from Figure
27, for the GS-1 solution, the CBT is somewhat higher than the analytical solutions
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values at lower Fo values, but the gap narrows with increased Fo value. A similar
divergence trend is noticed for the fluid temperature from Figure 28.
Table 7. Thermal Properties of Soil /Medium and Grout
Medium /
Grout
Medium /
Soil
Clay
Sand
Rock
Grouts
B G 20
TEG 1
TEG 2

Thermal
Conductivity
(W/m. K)

Density (p)
Kg/m 3

Heat
Capacity (c)
Joules/ kg.K

1.1
2.1
3

1,100
1,540
3,000

2,500
1,140
800

0.75
1.5
2.5

1,090
1,550
2,000

3,500
2,000
1,850

The GS-2 solution completely overlaps the analytical solution for both the core
boundary and the fluid. Clearly the underlying assumption of the GS-1 solution leads to
the inaccuracies in the early stage of the response. In the succeeding stage, the
temperature gradients are less severe, and the rate of change of the fluid temperature and
the core boundary temperature may be nearly equal and the GS-1 solution also converges
with the analytical solution.
U-tube Geometry in the Grouted Borehole
For the U-tube geometry, the FEM results from a commercial FE package
(ANSYS) were compared with the GS-1 and GS-2 model outputs (Figures 29 and 30).
The element types chosen and the details of the geometry etc. have been detailed in
Chapter 5. The Biot nos. used in the models are computed on the basis of characteristic
length being twice the OD of a single tube. The value of h is unchanged.

This sets the

U-tube geometry at the close contact mode i.e., two legs touching each other. From the
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GS models, the 0f is computed as before, but the temperature at the borehole boundary
(0bb) and not at the core boundary (0 Cb) is computed instead. For the parametric analysis,

three types of soil are used in combination with three different types of grout. The grout
include a normal 20% Bentonite standard grout, k-value 0.75 W/m.K and two thermally
enhanced grouts (TEG) with k-values of 1.5 W/m.K and 2.5 W/m.K. This results in nine
possible combinations for the parameters, the results of the comparison are quite identical
with the results of the single cylindrical core geometry. Both the borehole temperature
and the fluid temperature results matches with the finite element models completely
while there is divergence for the GS-1 model results in the early stage.

Log(Fo)
Ansys

-a --- GS1 BoreholeTemp — s— GS2 Borehole Temp.

Figure 29: Borehole Temperatures for a U-tube Core
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-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

Log(Fo)

T----------Ansys --A --GS1 Fluid Temp. — b— GS2 G=Fluid

Figure 30: Fluid Temperature for a U-tube Core
In Chapter 6 it was shown that for the U tube geometry when the legs of the Utube are placed with spacing, analytical solutions can be matched with the results of the
FEM if the Biot no. is increased. The same has been validated with the GS models. For
example in a ensemble of 1 inch U-tube assembly placed in a 0.117 m (4.5 inch) borehole
in a rock of ks 3.0 W/m.K and a grout kg of 0.75 W/m.K, the applicable Biot no. is 2.43,
if the two legs are in close proximity. When the legs are moved at a distance equal to the
tube diameter, the GS-2 solution can be matched with the FEM results, if the Biot no. is
increased to 3.5.
Borehole Temperatures
The FE model results of the borehole temperature as plotted in Figures 29 against
Fo and compared with the GS-2 model is of significant interest on its own merit. Figure
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31 shows the borehole temperatures of a 0.114 m (4.5 in) dia borehole in rock with the
three different types of grouting materials. It is seen that when the grout thermal
conductivity is higher than the soil thermal conductivity (TEG 2.5), the borehole
boundary temperature is not impacted by the magnitude of the relative ratio. On the other
hand, if the grout has a lower thermal conductivity than the medium, then the borehole
temperature is lower than what it could have been in the unbroken homogenous media for
the identical geometry.

Figure 31: Borehole Temperature Variation with Different Type of Grouts
These observations lead to the hypothesis that a superior data set capable of
producing more consistent results in the borehole thermal response test may be obtained
if the borehole temperature is simultaneously measured with the water temperatures.
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Log(Fo)

— b— LS Model Fluid (+Rb)
- - • A- • - Fluid FEM Higher spacing
— *— GS2 Model Borehole

— $— Fluid Modeled GS2 No Spacing
— •— LS model Borehole
— ♦— Borehole FEM Higher spacing

Figure 32: Fluid Temperature Variation with U-tube Spacing
As seen from Figures 29, the GS-2 algorithm can accurately model the borehole
temperature. The temperature values as early as Fo = 0.5 can produce measurable
temperature response. The LS model can model the data with prior knowledge of Rt>. As
seen form Figure 32, even with perfect knowledge of Rb , the LS model can match the
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data for the water temperature only after Fo >100.

Since the interpretation of the

borehole temperature data does not require any computation of Rb, the exercise has less
uncertainty. If the GS-2 model is used for data interpretation, the knowledge of tube
spacing is also required. There may be uncertainty regarding this. To explore the
implications of an inaccurate spacing, the borehole temperature obtained from FEM
modeling in a U-tube geometry with an increased tube spacing ratio (equal to the tube
OD) is also shown. It is observed that compared to the fluid temperature, the mean
borehole temperature changes less significantly due to increased spacing ratio. This may
considerably reduce the duration of the Thermal Response Tests (TRT), as typically
useful data is obtained as early as Fo of 5 (based on core diameter).

Tube spacing ratio: 2*Tube OD

Figure 33: Borehole Boundary Temperatures at the Circumference
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The downside to this alternative approach would be the experimental difficulty in
accurately positioning the temperature probe. As seen from Figure 33, to capture the
average temperature, the thermistor probe is required to be positioned at an angle of 45°
with respect to any one of U-tube axes of symmetry. The magnitude of error for mispositioning can be seen from Figure 33. This may be investigated experimentally, and if
this can be done, considerable savings may be possible for conducting the TRTs. Further
investigation is also required to establish whether the GS-2 data can be used in an
optimization program to interpret the TRT data for deriving additional parameters such as
diffusivity and borehole resistance Rb
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CHAPTER 8
MEASUREMENT OF THERMAL PROPERTIES OF THE GROUND
In design of the GHX, ground thermal properties e.g., thermal conductivity (k)
and thermal diffusivity (a) are the key parameters.

In the early stage of market

penetration in the U.S.A, even for larger projects, k-values were estimated based on the
local geologic conditions. Electric Power Research (EPRI, 1989) published tables of
values of k and a for different types of formation in their 1989 publication - ‘Soil and
Rock Classification for the Design of Ground-Coupled Heat Pump Systems: Field
Manual’. This was used as guidelines in many projects. Later ASHRAE also included a
similar table in their design guidelines book (Kavanaugh and Rafferty, 1997), and in their
application handbook (2003).
The need for reliably measured k-value for larger projects was soon realized due
to the wide band of values given in these tables for a particular type of formation, and the
high sensitivity of the aggregate borehole length - the key design output, to the k-value of
the ground. Kavanaugh (2000) computed that a 10% error in k-value and diffusivity
estimation may lead to 2% variation in the cooling EER, and a 4.5-5.8% variation in
design length calculations.
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Thermal Response Test (TRT)
The techniques and methods for in-situ determination of the thermal properties of the
ground were developed in the mid nineties both in the USA and in Europe (Austin, 1998;
Gehlin, 1998).

This method is essentially an adapted version of the thermal probe

method for determination of thermal conductivity in the laboratory - which is described
in a subsequent section. A borehole is drilled to a specified depth at the site and the Utube is placed in it. The hole is backfilled conforming to the local regulations. This
creates the test borehole - identical to the actual boreholes to be drilled in the GHX for
the main building project. The U-tube free ends terminate in an insulated tank fitted with
a circulating pump and an electrical heater. At the beginning of the test, the heater is
switched on and heated at constant power. The heated water flows inside the U-tube and
returns to the surface tank, and continuously recirculates in this loop. The temperature of
the water is measured at the surface both at the inlet and outlet of the tank. Data on the
water temperatures, power inputs to the pump and the heater are logged using a data
logger at 1-15 minute intervals (Shonder and Beck, 2000). The test is usually carried out
for 50-60 hrs, but sometime over 200 hours (Roth et al., 2004). The field test set-up is
shown in Figure 34. The heat diffusion process from the water to the ground is modeled
using line source solution. The average temperature of the water is plotted against
logarithm of time, and the slope of the plot is determined as “m”. The thermal
conductivity of the soil is given as:
k, =

g'
An (m)

( 8 . 1)
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The intercept of the plot is sometimes used for determination of the borehole resistance
Rb (Roth et al., 2004).

Figure 34: Field Test Set-Up for Measurement of Ground Thermal Properties
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Measurement of Thermal Conductivity
There is no evidence that k-value of the ground in the GHX at the EERC (the
location at the UND installation) was actually determined through a TRT in the project
design phase. In absence of this it was required to ascertain the k-values independently.
The geology of this area has been well studied, though published thermal conductivity
data specific to this geologic zone was not available. Conducting TRT in a borefield
which has already been thermally disturbed for some period due to extraction and
rejection of heat is not recommended. Consequently, direct measurement of the thermal
properties using the probe -method with the earth samples collected during drilling of the
holes during the insertion of the thermistors in the ground was carried out. Since the
thermistors were placed to a depth of around 25 ft, the samples also were in the
uppermost unit of the multi-layered strata in which the boreholes were drilled. This is a
limitation on the present study, however, the thermal conductivities of the entire strata
was not expected to vary over a wide range as all the units that the boreholes penetrated
are lake or glacial sediments constituting largely of clay as discussed subsequently in a
later section. Efforts to obtain lower strata samples for thermal conductivity measurement
also did not succeed.
The probe method for determination of thermal conductivity is well studied and
widely used method for experimental determination of thermal conductivity in soils. In
its simplest form, a long thin probe with an encapsulated electrical resistance and
precision temperature sensor is placed inside a sample of the homogenous material
ensuring good thermal contact. Current is passed through the resistance from a constant
voltage source for a short time period, and the rate of heat generation within the
120
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resistance which is directly proportional to the power in the electrical circuit is kept
constant for the duration of the experiment. The temperature rise in the probe body is
recorded at short time intervals and a plot of temperature vs. logarithmic time is obtained.
The slope of this plot ‘m’ is used in Equation (8.1) to obtain the thermal conductivity of
the material. This method has been the widely practiced method of choice for
determination of thermal conductivity of materials with poor thermal conductivity (Tye et
al., 2005). In our measurement of the soil thermal conductivity for the samples collected,
we have used more sophisticated instruments for measurement as well as refined method
of data analysis including optimization technique for determining the two key thermal
properties- thermal conductivity and diffusivity simultaneously.
Measurement Apparatus and Data Analysis
The key components of the test apparatus are:
•

TP 02 thermal measurement probe of Hukseflux, Holland, and

•

CR10 Data logger from Campbell Scientific for control of power,
sequencing of sensors etc. and recording of the sensor readings.

In addition to the above, several solid state relays (Crydom 6321) were mounted
on a board with the resistors for controlling the power to the probe heater circuit. The
thermal probe used as above uses two thermocouple junctions (3 and 4) to get a
differential temperature to measure the temperature rise of the probe with respect to the
medium (Figure 35 ).
Other probe components are the heater (2) and the Pt-1000 platinum resistance
thermometer (1). A computer program created using ED LOG is loaded in the memory of
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the CR10 data logger that controls the entire experiment and records the data. The data is
transferred to the computer at the end of the experiment for further analysis. The entire
experimental set up is shown in Figure-36.

Figure 35: Probe Geometry
For data analysis, we used Blackwell’s analytical model (1954) that is same as the
one used for the analytical model development in Chapter 6. The model is an
improvement over the simple line source model representation of Equation (8.1) and
takes into account both the thermal capacitance of the probe and the contact conductance
between the probe and the medium. However since this is an inverse problem - an
algebraic simplification of the integral was used (Carslaw and Jaeger, 1959, p345). For
large values of Fo, this is given as:
2k
e . i ? = - L -----h In 4 Fo - y + O(Fo)
q
An rh

( 8 .2 )

where O stands for other terms, and h in this ease is the contact conductance (an

equivalent of the convective heat transfer coefficient for solid / solid contact heat
transfer).
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H u kseflu x TP02
T h e rm a l P ro b e
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C a m p B e ll C R 10
D a ta lo g g e r

H e a te r P o w e r
S u p p ly

C o n tro l
B o a rd

Figure 36: Experimental Set-Up for Thermal Property Measurement

This is further simplified as follows:
(8.3)

where
with C and D, being complex expression of k, a and probe thermal capacity per unit
length. In our analysis, we have ignored the cofactor of 1/t on the assumption of large
time.
The parameters of k, h, and a were simultaneously determined by minimizing the
least square error in Equation (8.4) between the modeled figures and the actually
observed data (Goodhew and Griffiths, 2004).

ssE = f d(eEv- 0 Model
UoU}

(8.4)

For this multi-parameter optimization problem, several commercial software
packages are available. We used the MS Solver tool that come as part of the Excel
spreadsheet program. A typical analysis is shown in the spreadsheet of Figure 37.
Thermal Parameter Measurement Results
Before the actual measurement of the thermal parameters of the soil, thermal
conductivity of agar gel was measured few times to ensure that the experimental set- up
and all its subsystems are functioning properly. The Hukseflux TP02 probe was already
factory calibrated in early 2006 with a certificate of calibration issued by the
manufacturer who maintained that no further calibration is required for one year. Several
measurements were carried out on agar gel. The thermal conductivity values were all
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within a range of 0.587- 0.617 W/m.K with a mean value of 0.605 +/- 0.048 W/m.K at
95% confidence level. The specified value for agar gel is 0.60 W/m.K at 20°C. The
typical uncertainty level specified for equipment of this type for measurement of thermal
conductivity is +/-3-5% for wet material.

For the measurement o f thermal diffusivity, there are significant experimental

uncertainties in using the single probe method (Tye et al., 2005), and the results from this
method of measurement is considered as an estimate only. The results of measurement on
the soil samples are given in Table 8. The instrument set-up offered three rates of heating
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that was achieved by switching on two resistors in the power circuit either one at a time
or both together. After some initial test runs, it was found that the high heating rate was
optimal and all the measurement results reported were obtained under high heating
conditions. From the results, the value was taken nominally at 1.1 W/m.K for the upper
layer of the GHX. The boreholes actually pass through several geologic units that are
described in the following section Initially this value has been used for subsequent
calculations.
Table 8. Thermal Properties of Clay Samples
Sample Heating k- value Diffusivity
W/m.K m2/s X 10 '7
Rate
No.
4.04
220
High
1.046
1.043
4.00
240
High
4.00
0.939
260
High

Conductance

Comments

W/m2.K
1120
1220
1068

With free
With free
A little dry

270

High

1.114

4,00

1192

280

High

1.037

4.00

1335

1.06

4.01

1186

Mean
95% Confidence
Range

Remoistened
on 260
Sample 260
Excluded

0.12

0.02

374

Geology of the GHX
The earth around the U-tube heat exchanges of the GHX is predominately clay
and silt with glacial till towards the deeper end of the boreholes. Some of the clay layer
were deposited as sediments at the bottom of the glacial lake Agassiz (Moran, 1972)
while others are glacial sediments (tills). Lake Agassiz once covered a significant area
around the present Red River of the North, and Grand Forks was nearly at the centre of
plain that was the lake floor (Moran, 1972).
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The subsurface geology of this area has been well-studied by the North Dakota
geological survey who has published several reports listed in their website
(http://dp3.lib.ndsu.nodak.edu/ndgs/). Figure 38 is an extract from the key report ‘Subsurface Geology and Foundation Conditions in Grand Forks (Moran, 1972). Since
we are interested primarily in the thermal properties of the medium, the following
observations that have bearing on the thermal properties are noted from this study:
•

The 150 ft deep boreholes start in Unit-2 and end in Unit-7 consisting of
weakly layered clay containing scattered pebbles of chalky limestone. Unit
2 comprises of alternate layers of clay and silt. The thickness of Unit 2
varies between 11 ft and 40 ft with a mean thickness of 30 ft. All the
samples for which the k-values were experimentally determined have been
collected from this unit.

•

Unit 3 has an average thickness of 32 ft with a 7 to 48 ft range. It is un
layered with practically no sand or pebbles in it. Unit 5 is also quite
similar to Unit 3b, the lowermost part of Unit 3 that is somewhat more
sandy than the uppermost layer.

•

Unit 4 is massive glacial sediment with a mean thickness of 46 ft. This has
the least clay content varying between 24-42% with significant sand
content ranging from 15-24% and some pebbles (1-10%).
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Figure 38: Geologic Units of the Area around the GHX (Moran, 1972)

•

Unit 6 is also pebbly sandy loam glacial sediment with a mean thickness
of 27 ft. The k-values of these units are expected to be higher than Units 2
and 3.

•

Unit 7 is also clay similar to the first two units, and has a mean thickness
of 22 ft.

From the details available in this publication, it appears that one of the test sites
(Test hole # 12) for which the soil borings were examined was located around 500 ft. east
of the GHX. There were two other test holes on the East West axis for which
stratigraphic data was available. All the three holes showed near constant elevation of the
top of all the units up to Unit 5, and only the top of the Unit 6 showed a gradient. From
this, we may infer the thicknesses of individual layers at the GHX site. This and other
parameters of interest are presented in Table 9.
Table 9. Stratigraphic Features of the GHX
Unit No Thickness Cum. % Sand % Silt % Clay Water
Dry density
(ft)
depth (ft)
content (%) (lbs/ft3)*
2

22

22

0.5

36

63.5

39

85

3

43

65

Tr.

22

78

40°/63
25
42
8

82°/63
103
79
136

-

-

34
18
48
4
39
104
124
2
28
70
5
20
6
13
137
7
33
170
*Slightly more consolidated upper layer - Unit 3a
-

-

-

-

-

-

In the above table the physical sizes o f the constituents are as follows:

Sand : 2.0 to 0.0625 mm
Silt:

0.0625 to 0.0039 mm

Clay: Less than 0.0039 mm
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Tr:

Trace

It is seen from Table 9 that the glacial sediments of Units 4 and 6 have higher dry
density than the clay. They account for nearly l/3rd of the total depth of the borehole, and
is expected to have somewhat higher thermal conductivity than the clay/silts of Units 2,
3, and 5 due to the higher sand content. A simple mixing law has been sometimes
applied for modeling of thermal conductivity of soils (Cosenza et al., 2003) which is as
follows:
* = $ > ,* ,

(8-5)

where kj is the thermal conductivity of the ith component, and x; is the volume
fraction of the ith component, N being the total number of components in the mixture.
The k-values of the glacial sediments are expected to be higher as it has lower water
content (25%) compared to the clays. Consequently water with a lower thermal
conductivity (k =0.6 W/m.K) is replaced by the higher thermal conductivity minerals of
the sand particles. This results in higher thermal conductivity for the glacial sediments.
For the saturated clay of Unit 2 with a water content of 40%, if the thermal conductivity
is taken nominally at 1.1 W/m.K, then the k-value for the mineral fraction is computed at
1.45 W/m.K. Assuming that the mineralogical constituents of the glacial sediments and
lake sediments are same, the glacial sediment is expected to have a k-value of 1.24
W/m.K. This assumption can not be examined from the available data as the
mineralogical constituent o f only the clay portions o f the units are available (Moran,

1972). The effective k-value of the subsurface cover of the GHX has been determined
through ground temperature observation. This has been discussed in detail in chapter 9.
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CHAPTER 9
FLUID AND GROUND TEMPERATURES: DATA ANALYSIS
In Chapter 2, we outlined the details of the fluid and the ground temperature
monitoring system that commenced gathering data from December 2005.

The key

metrics captured include:
•

Averages of supply water and return water temperatures for the building heat
pump loop and the GHX Loop as well as the loop field pump speeds taken at 6
minute intervals, and

•

Ground temperatures measured at two key points inside the GHX at the apparent
adiabatic boundaries of a borehole.
The thermal response of the GHX to any building load is observable primarily

through the variation of the fluid temperatures. The ground temperature history is
normally not captured nor analyzed in commercial systems. However in the early stages
of operation of a GHX, ground temperatures

may be relatively easier to model if

measured at some convenient location in the vicinity of a borehole within the GHX
field. In such locations the ground temperature history filters out the daily variation of
the building load and captures only the thermal effect of net imbalances over longer
periods. As will be discussed later, the analysis of the ground temperature trends have
been key to

establishing a central parameter required for the modeling viz., the

undisturbed ground temperature. This has not been available at the outset.
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Calculation of the Building Heating and Cooling Load
The fluid temperature data from the building automation system has been used to
determine the time varying building heating / cooling loads as accurately as possible. The
first option is to directly record the time-varying flow rate in the loop-field circuit and the
differences in the temperature of the fluid in the circuit at the supply and return point (as
shown in Figure 39) and use the following relationship:
q = X LFCf {AT)LF.

(9.1)

ATlf is the difference of the temperature T ' lf and T2Lf measured at the supply
and return points as shown in Figure 39.

HP Return

LF Return

Figure 39: System Block Diagram
This option required installation of a flowmeter in the LF fluid circuit

or

alternatively computing the LF flow rate from the VFD controller speed signal, and then
using the pressure difference (AP) across the pump intake and discharge in the pump law
formula given in Equation (9.2) to determine the fluid flow rate in the loop-field XLf •
N fs * X % x (AP)Z
xLr ’ ~

‘
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'

where the FS superscript refers to the full speed of the pump motor.
From the building automation system (BAS), we could get the instantaneous
pump speed, but the pressure gauges at the pump inlets and outlets were analog type for
manual observation and did not supply a digital output signal to the BAS. The attempt to
install a new flow meter in this circuit also did not succeed. In the congested pump-room
no suitable location was found for the magnetic flowmeter where the specified upstream
or downstream distances of piping turns like elbows, valves etc, could have been
complied with. Thus though the magnetic flowmeter would have measured the fluid flow
accurately without pressure drop, due to the anticipated installation problem, the idea was
dropped. The other available option is to obtain the flow rate in the building heat pump
loop and the corresponding AT, and use the following relationship:
q = X HPCf {AT)HP

(9.3)

The building loop pumps ran continuously at full speed and in absence o f bypass
valves on the heat pump loops, the pressure drop in the system remained nearly constant.
The only parameter that affected the flow rate is the change of viscosity of the fluid due
to the changing temperature. The calibration of the equipment from which the full speed
flow rate was obtained was done in the fall of 2004. The temperature of the fluid was not
recorded at the time of this calibration. It could be assumed that the fluid temperature was
possibly 5-10°F above the far-field temperature. However taking this effect of variation
of viscosity of the fluid in the pumping system on hourly basis is a complicated issue
(Hydraulic Institute, 2004). Changes in the viscosity alter the pump characteristic curve
which is normally given by the manufacturers for water. At the same time, the system
curve of flow against pressure drop undergoes a shift due to change in the viscosity. The

133

jduced with permission of the copyright owner. Further reproduction prohibited without permission.

new operating point is the point of intersection between these two curves. In this study,
the changes in viscosity of the fluid have not been taken into account, and consequently
the building cooling and heating loads have been determined on the basis of Equation
9.3.
Data Validation
The captured data from the building automation system was first examined for
mutual consistency. Generally inconsistent data is observed in situations where the loop
field re-circulating pump speeds are either low i.e., in the range of 30-40%, or both
pumps are stopped. For the computation of the building load the

A T Hp

figures are ignored

when the pumps are stopped.
Figure 39 is a schematic diagram. The mixing chamber is the common header
pipe where all the fluid streams join. Ideally the LF return stream should find its way to
the FIP supply line without any mixing with the stream of HP return to the LF supply.
The occasional discrepancies that are noted are significant differences in the temperatures
of HP supply and LF return

as well as between the temperatures of LF supply and the

HP return.
It may be observed from Figure 39 that both the LF and HP return temperatures
are measured after relatively long runs of piping where the stream fluid flows for a
considerable length as a homogenous stream. Therefore these provide consistent
measurements of bulk temperatures. On the other hand, the supply temperature sensors
are located on the discharge sides of the pumps with short intake pipe runs and elbows,
etc. from the mixing chamber. The fluid on the supply side is at different temperatures at
different points of piping. It is hypothesized that these temperatures may be subject to
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random variation due to the presence of unmixed pockets leading to inconsistent
readings. The highest temperature difference occurs between the two return temperatures
(T hp and T lf in Figure 39). The two return streams join in the mixer and leave the
mixer as the two supply streams. For a given fluid viscosity, the fluid flow rate for the HP
stream remains constant while the LF flow rates change depending on the building loop
return temperature. Most of the time, the LF flow rate is more than building loop flow
rates which leads to the remaining of the LF return flow being looped back to the LF
supply. A higher flow rate in the LF is essential to maintain a turbulent flow regime in the
U-tubes. This ratio of percent of GHX return flow looped back to GHX supply is the
recirculation ratio (O). A higher value leads to a lower value for the HP supply
temperature (EWT) and benefits the COP. However the 30% flow rate (minimum) for the
LF pump is 188.4 GPM which is lower than the constant HP loop flow rate of 246 GPM.
Under such situation there is recirculation of the fluid in the heat pump loop rather than
the LF loop. Although there are some offset energy savings due to the reduced power
consumption in the motor of the LF pump controlled by the VFD, this is definitely not a
desirable scenario, and is an issue clearly overlooked by the designers. For the LF the
minimum flow rate is determined by the need to maintain turbulent flow regime in the
U-tubes. On the other hand, the aggregate flow in the HP supply line is determined by the
flowrates for the heat pumps specified by the manufacturer. Thus quite often, there are
differences between the LF and HP flow rates. However, the minimum flow rate in the
loop field should be always maintained so that there is no recirculation of building loop
return stream.
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Missing Fluid Temperature Data

Though it was intended that the fluid temperature data from the Building
Automation System would be available uninterruptedly for the time period of the study,
there were discontinuity in the dataset. Table 10 gives the details of the days for which
the data was available.
Table 10. Details of Missing Data
2006
Item Jan
Days 31
Avlb 26

Feb
28
28

Mar
31
31

Apr
30
28

May Jun Jul
31
30 31
31
29
8

Aug
31
27

Sep
30
26

Oct Nov Dec
31 30 31
15
26 28

2007
Jan Feb
28
31
27
20

There was a serious software crash in the BAS in July, 2006 which was restored
by the middle of August, and 27 days of data were lost over a period of 62 days. This was
also the period of peak summer cooling. A significant amount of data was also lost in
December, 2006. All available data was analyzed to estimate the amount of heat rejected
or extracted from the ground. It was obvious that q is highly correlated with the local
weather variables. In fact modeling q is very similar to the prediction of electricity
demand using weather models for load pockets. A number of alternative models for
estimating the missing data were studied, some of which claim high confidence levels in
their predictive ability (Feinberg et al., 2002). These are implemented through proprietary
software and hence efforts to use these to interpolate missing data were abandoned. The
need for a model to predict q based on weather variables is indeed high. Since we also
have to estimate the q figures for the period for which the system has been operational
before the commencement of data capture; i.e., for the period of October, 2004 to
December, 2005. Another alternative approach would have been to use ‘calibrated
building energy simulation’ technique that is a complex method used to model building
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energy consumption based on weather variables. The simple statistical model developed
for this purpose is described next.
For the purpose of creating our own model, weather data taken at one-hour
interval for Grand Forks was downloaded from NDAWN (http://ndawn.ndsu.nodak.edu)
website. Correlation of the aggregate daily q measured for the EERC system was sought
with the following variables:
•

Average air temperature

•

Average relative humidity

•

Solar radiation

•

Wind speed

•

Time factor (related to the building occupancy), and

•

Immediate history
Correlation coefficients and t-values were computed and examined for statistical

significance. Considering the complexity of the problem, and the limited amount of
actual q data, only the average air temperature was retained as the most significant
variable, and all other variable were discarded. The following has been observed:
•

For the five months of summer (April - August), the monthly aggregate day time
q (6.00 AM to 6.00 PM cooling loads) values are highly correlated with the
monthly average air temperature (R = 0.9971).

•

During the same period, the night time aggregate q-values (6.00 PM to 6.00 AM)
are only 5-10 % of the monthly total and poorly correlated with the monthly mean
air temperature (R2 = 0.6372).
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•

During the four months of winter (Dec - March) the night time heating loads
account for a significant portion of 24-hour heating loads, but the aggregate
values are not so well correlated with the monthly mean temperature (R2= 0.671).

•

For the fall (Sept-November), the monthly q-values are still positive (implying
cooling mode), and is again difficult to correlate. The q-values for 2004 and 2005
were obtained by adjusting the 2006 values for the difference in their respective
mean air temperatures.
The aggregate monthly q (kW) values and are given in Table 11. Figure 40

shows the variation of q' over time.
Table 11. Monthly q Values in kWh during the Period of Study
Month
Jan
Feb
Mar
Apr
May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

Days
31
28
31
30
31
30
31
31
30
31
30
31

2004

24,251
4,089
-18,505

2005
-31,917
-21,448
-8,861
14,846
29,630
63,981
76,464
62,160
47,191
20,938
9,315
-15,954

2006
-17,207
-23,095
-7,549
21,343
39,091
62,758
80,034
68,889
37,698
15,544
7,291
-11,762

2007
-18,527
-38,036
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Figure 40: Variation of Monthly q Values over the Period of Study
Average Water Temperature
From the analytical and semi-analytical models developed in chapter 6 and 7, the
average temperature of the aggregate fluid mass in the building loop and the GHX loop
may be obtained and compared with the average fluid temperature computed from the
actually measured fluid temperatures at different points of the system for validation
purpose. At any given time, the fluid temperatures are different at the different points in
the fluid circuit. Thus to compare the model result with the actual observed data, the
average water temperature needs to be correlated with temperatures measured at different
points in the fluid circuit (Figure 41). In this section we address this issue. Nomenclature
specific to this section may be found at the end of the section.
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XLF, Tgh

X hp , Th

Figure 41: Fluid Circuit and Temperature Sensing Points
Starting from Equation (9.3), we obtain
(A T)HP= ^ - x C f
* HP

=Th - Tc

(9-4)

if the flow rate of the loop field pump is greater than the flow rate in the building loop.
We define recirculation ratio O as
<t>

X if

^

HP

(9.5)

X LF
If O >0 then the average fluid temperature Tavg is given as:
M

1V1 tot

-T
= 1V1
M HP f c ±2 H ] + M LF
1 avg

2

(9.6)

where Th8 is the LF supply water temperature after mixing with the recirculating stream.
Again,
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,
lT h8

=

x

„J > + ( x l f - x hp) tc

(9.7)

(9.8)

Thg = (1 - </>)Th + <pTc
Substituting in (9.6)
^

Mlot Tavg —M

+ T ^ + M

2

(1 + ^

+

LF

(1 ~ f f i

2

2M.Tavg = ( n - 1)(TC+ Th) + (1 + 0 r f + (1 - ^ )rA
Then,
T avg =

Tc{M + <j,) + Th(M-<t>)

(9.9)

2M

On the other hand if 0

is

M ,0/Tavg —M HP

negative then X

h p>

X

lf,

and

Iff+r.l,.,, fc+r,]

(9.10)

LF

where Tch is the HP supply water temperature after mixing with the recirculating stream.
T„

X LFTc + {XHP- X LF)Th
X HP

(9-11)

(l-(t>)-Tch = Tc -t/>-Th
rj-< h

_

(9.12)

T„.
0-*)

So,

Tavg =

M )

- 0£(T
/ e - t T k)
2M-T ^= {M -l XT > )+ Tk +Te + f¥e—
0 -^ )

or

(9.13)
2/J
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The above formula can be used if the loop-field’s return-temperature is used in the
calculation of Tavg . If we use the HP supply temperature instead, then
Tc = {l-<t>)-Tch + <f>Th

(9.14)

2MTavg ={ju- 1t r ch + Th)+ Th + ( l - <f>)Trh + <t>Th
Or,
Tavg

(9.15)

=

Formula 9.15 has been used in our computation.
Thus, Tavg is related to the relative ratio of mass of the fluid in the building loop
and heat pump loop as well as the ratio of the respective flow rates. The above construct
is again based on some assumptions i.e., the average temperature of the two fluid masses
in the two blocks being exactly half of the extreme values, and the header geometry limits
mixing in the “pass through” stream with the higher flow rate, and allows mixing only in
the recirculating stream. The Tavg values computed in the above manner have been used
for comparison with the modeled average fluid temperature.
The nomenclature used in this section is as follows:
Tc = Fluid temperature at the GHX Return
Th8 = Fluid temperature of the GHX supply side (if <t»0 )
TaVg = Average temperature of the total fluid in the system at a given instant
M lf =Mass

of carrier fluid in the GHX U-tubes and the loop field piping

Mtot =Total mass of the carrier fluid in the system
M hp

= Mass of fluid in the building loop

X lf = Mass flow rate of fluid in the GHX loop field
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Xhp = Mass flow rate of fluid in the Heat pump loop
O = Recirculation ratio
/i = Ratio of total fluid mass to mass in the loop-field (Same as LpR)
Time Varying Boundary Condition
Analytical models may be used for computing the EWT after the load history is
obtained and the instantaneous building loads are known. The thermal response of the
ground at the borehole boundary to this time varying heat input q'(+ when heat is
rejected, and - when heat is extracted ) is the resultant of the responses for each time
period - for which q' may be assumed either constant or has a periodic form. This
method is the standard approach in heat conduction problems when a time varying
boundary condition is resolved into convenient step functions so that DuhameTs theorem
may be

applied to obtain the resultant response. DuhameTs theorem is essentially

application of the technique of superposition and is used in linear heat conduction
problem with time- dependent boundary condition (Ozisik, 1993).

t

Figure 42: Time Dependent Boundary Condition (DuhameTs Theorem)
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In Figure 42, a time dependent temperature boundary condition F(t) for a problem
domain is approximated with stair-step geometry. The magnitude of the jth step is AFj,
applied at t = 7j, and the time of duration of this step is Atj . In the solution procedure,
the temperature distribution in the problem domain due to a unit step boundary condition
applied at t = 0 is determined first. If this solution is S(x,t), then the temperature
distribution corresponding to the step AFj is given as:
A9j = A F jS(x,t - T j )

(9.16)

Under condition of linearity, for the n steps with the nth step ending in t, the principle of
superposition is applied, and the resultant solution is given as
0(x,t) =

AFj s
M

(x ,

t-T j )

where

T\

(9.17)

=0

The small steps can be made infinitesimal by letting n - »

oo

and the solution is given as

the final result of Duhamel’s theorem.

6 { x , t) =

t - r]dr

(9.18)

In the GHX problem, the time varying condition is not a temperature forcing at
the boundary, but a source term in the body itself. But the condition of linearity is met,
and the resultant response is computed by decomposing the time varying heat generation
q'(t) into a number of constant q' steps of varying magnitude and then obtaining the
solution by superposing the constant step q' solutions for each step. There are two
alternative solution algorithms. In one procedure, the G- value (k0/q') for each step heat
input is computed on the basis of the constant pulse

q'i

from the start of the time step i to

the current time, and the net temperature effect is obtained by applying a heat pulse of
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opposite sign but of equal magnitude (-

q'j)

at the end of the time step i till the current

time (Kavanaugh, 1992). In this methodology as the solution marches on with passage of
time, the effect of step heat input step

q'j

is represented independently of either the

preceding or the succeeding time steps. In the alternative algorithm (Spitler, 2000), the
net change of

q'j

in the current time step from the previous value is computed. The

temperature change is obtained by applying this net change till the current time. This is
represented in Figure 43, and given in Equation (9.19).
= j S ^ ^/=i
k

G[Fo{tn - tM)]

(9.19)

}
<h

(q W i)

tv s'
Figure 43: Monthly Building Loads and Transformation to Incremental Values for
Application of Duhamel’s Theorem
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Ground Temperature Modeling
Ground temperatures recorded at three points (Location # 2, #5, and #7 in Figure
6) inside the GHX from 12/2/2005 till 2/28/2007 were compared with the model results.
The temperatures for the holes #5 and #7 at the pseudo-adiabatic boundaries were
modeled using the following approach:
•

The monthly building loads q' were applied as a step heat input for the specific
month to each borehole - assumed to be a line source of constant strength i.e., q'
value for a given month is assumed to remain constant for the entire month. At the
end of the month, it undergoes a step change to a new value for the next month (as
shown in Figure 43).

•

At the end of any given month (m) the changes in the ground temperature at the
point of observation due to a single line source with monthly stepwise changes of
strength are determined as follows:
o

G(Fo) for two Fourier nos ( a t / r2)

FOp+im and Fopm

are computed

where time values plugged in are the elapsed times till the end of month
m from the commencement of month p (Fopm) and from the end of month
p(Fop+1m).
o

q 'p x (Fo pm - Fop+im) is the effect of step heat input q 'p for the particular
month p at the end of month m at a given point at a distance r from the line
source. Modeled temperatures are compared with the actually recorded
temperature values at the end of the month, and hence Fop+im term is zero
for the current month.
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Figure 44: Location of the Temperature Probe and Sets of Borehole with Thermal
Influence
In the development of the heat equation, the time of step heat input and the time
of the resultant temperature change at any point are considered to be occurring
simultaneously. Consequently all the boreholes in the borefield should have a combined
effect on the temperature at the point of observation in the borefield. Realistically in the
time frame (Fourier nos.) considered, only three sets of holes (numbered 1, 2, and 3 in
Figure 44) would have measurable temperature impact in the points of observation. These
include the 4 holes (#1 in Figure 44) in the immediate neighborhood a distance of 2.58 m,
8 holes (#2 in Figure 44) at a distance of 5.77 m, and lastly the 4 outer holes (#3 in Figure
44) at a distance of 6.45 m. The next set of holes is at a distance of 9.31 m. Beginning
October 2004, Fo for this distance is 0.36 at the end of February 2007. As this is quite
low, it is assumed that these set of holes would have negligible impact at the point of
observation and hence not considered.
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The modeled ground temperature changes computed as above is compared with
the actually measured ground temperature changes in Figure 45. Only the temperature
changes with respect to the undisturbed ground temperature is shown. Since the
undisturbed ground temperature (T0) was not measured before the GHX was constructed.
T0 was obtained by using optimization technique using MS Excel Solver described earlier
(Chapter 8).

-----Modeled o Observed Hole #5

a

Observed Hole #7

Figure 45: Ground Temperature Comparison with k= 1.1 W/m.K
It is observed from Figure 45, that the modeled temperature changes compare
with the observed changes in the ground temperature very well. The modeled temperature
changes in Figure 45 are based on a k value of 1.1 W/m.K as measured from samples of
Unit 2, i.e., the top layer of the GHX field (see Table 9). Since the glacial sedimentary
layers (Unit 4 and Unit 6) are expected to have somewhat higher thermal conductivity,
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the effective k value for the borefield was considered as an unknown parameter together
with T0. Parametric analysis, as discussed in chapter 8, yield a value of k = 1.16 W/m.K,
and T0 at 48.5°F. The modeled temperature changes with these new values are compared
with the observed values in Figure 46. The plots in Figures 45 and 46 are practically
indistinguishable.
In Chapter 8, the thermal conductivity of the glacial sedimentary layers was
estimated at 1.24 W/m.K. These layers account for 30% of the depth of the borehole, the
rest being accounted for by the clay layers with a k-value of 1.1 W/m.K. On an aggregate
basis, the k value for the entire depth of the borehole would average 1.14 W/m.K. This
compares very well with the value of 1.16 W/m.K determined from the ground
temperature data using the parameter estimation technique. For the undisturbed ground
temperature, the only reference available for comparison is 1988 measurement

at the

UND campus (Mathsen and Ewert, 1988) at 47°F. The location of the earlier
measurement is about 1 mile away from the current GHX location and twenty years
earlier. The land use history in the two locations also differs substantially. Consequently
the divergence of 1.5°F in the ground temperatures is considered reasonable. The new kvalue of 1.16 W/m.K. is considered as improvement, and is a reasonable choice to be
used in the fluid temperature modeling.
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-----Modeled □ Observed Hole #5

a

Observed Hole #7

Figure 46: Ground Temperature Comparison under Optimization Routine
Projected Trend o f Ground Temperatures
The close agreement observed between the modeled ground temperature and the
actual measured ground temperature enables us to project the future trend of the ground
temperatures inside the GHX with reasonable confidence. For this we may use the gfunction plots of Eskilson (1987). Alternatively the LS solution may be used as has been
done for the ground temperature modeling previously or the steady state solution o f finite
line source model (Equation 3.12). Figure 47 is obtained using g-function plots and the

current q' values for a borefield which is somewhat smaller in size than the GHX under
study. It shows a quite alarming picture. Even with only 2 years of summer heat rejection,
currently the peak EWTs sometimes reach as high as 80°F. The situation is expected to
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deteriorate over the next few years. At these high EWTs, COP of the heat pumps fall
down dramatically, and energy is saved in this situation if heat is rejected in ambient air
rather than in the ground. Thus, it would be in the best interest of the owner to balance
the net q' in the GHX by transferring more heating loads to this loop, so as to reduce the
net annual q' to a reasonable degree. It should be noted that if the appropriate g-function
values are used (available from proprietary software), then the increase in ground
temperature would be even more than shown in the graph.

Figure 47: Projected Ground Temperatures at the Borehole wall in the GHX
Fluid Temperature
The temperature of the fluid differs at different points of the fluid circuit, but the
analytical or numerical models for determination o f the fluid temperature produce only

one temperature viz, the average fluid temperature. Hence a derived value for the average
fluid temperature is used for comparison (discussed in the section on average water
temperature). This, by itself, may be a possible source of error - as several assumptions
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are made in the course of the derivation of the average fluid temperature from measured
parameters. The average fluid temperature derived is related to the individual flow rates
in the building circuit and GHX circuit, which again are not measured values but
computed from other observed data.
The process of derivation of the average fluid temperature from the model is quite
involved, and comprises of several steps. These are as follows:
•

First, the temperature rise at the vicinity of any single borehole caused by the
presence of a limited number of neighboring boreholes is ascertained. This
methodology is identical to the algorithm described under ground temperature in
an earlier section.

•

Since the combined thermal effect as described above is a long term phenomena,
the end point of the time over which this calculation is done is conveniently
chosen as the end of the previous month for the given day for which the fluid
temperatures are required to be computed. This uses the G-values derived through
the LS solution, for three sets of 4 holes at a distance of 3.65 m, 5.16 m, and 7.3
m respectively. In the time frame considered from the beginning of operation of
the GHX in the fall of 2004 to 2006, the thermal impact of other boreholes
located at a even greater distance are ignored.

•

The long term temperature rise at the core boundary (e-tube imagery) due to the
step changes of monthly q values in the borehole core is determined as before.
The radius of the core is taken at 0.02362 m (yfl times the OD of a single tube of
the U-tube), and as before the period considered is the end of the previous month
for a given day.
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•

In the previous two steps, the long term effects for the period from start of
operation of the GHX till the end of the previous month for a given day has been
taken into account. While the neighboring boreholes have negligible thermal
effect in the time scale of days, such effects due to the immediate past daily
history are to be taken into account for the target borehole. Consequently the
temperature changes due to change of q for each 24 hour day commencing from
the beginning of the current month till the end of the previous day are computed
in the similar manner.

•

Finally the temperature changes due to the hourly step change of q are taken into
account. Here the G-values are computed using the GS2 algorithm that is obtained
through numerical inversion of the Laplace domain solution. It is to be noted that
at this stage of the history of the GHX, this contributes to the largest single
component of the temperature change after a series of step increases of q.
A comparison of the modeled fluid temperature with the average water

temperature computed using measured data for two typical days (16th May and 8th June,
2006) in summer are shown in Figures 48 and 49.
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Figure 48: Comparison of Modeled and Observed Fluid Temperature for 16th May, 2006
Since the primary interest of the designer is the peak fluid temperature, ideally we
should have chosen a day of peak summer in July/ August of 2006 for comparison
purposes. The breakdown of the BAS in July/ August period of 2006 led to complete loss
of key data. Though the monthly q values were reconstructed based on the monthly
average air temperature, it was thought prudent not to extend this for the daily q values.
Therefore, we had to limit the period of comparison before the period of breakdown in
July 2006.
From Figure 48, it is observed that after the night set back period ends at 6 AM,
the modeled data and the observed data follow each other closely for two hours. After
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that the observed temperature appears damped in comparison to the modeled values and
at the peak level of fluid temperature, the two differ by about 4°F.

♦ Modeled______Observed
Figure 49: Comparison of Modeled and Observed Fluid Temperature for 8th June, 2006
In Figure 49, the differences between the modeled and the observed temperatures
follow a similar pattern. However the differences at the peak levels of the fluid
temperature levels are somewhat lower for this day.
Yavuzturk and Spitler (2001) obtained very good agreement when they carried
out a similar comparison for a school at Lincoln. It appears from the plots of their
publication that the maximum deviation in the peak temperature was about 2°F. They
used a numerical model for the computing the short time impact and the TRNSYS
package (SEL, 2004) for computing the long term impact which also uses a numerical
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method for determining the long term impacts. The system was less complicated with
single recirculating pump in a unified fluid circuit for which the measured flow rates
were continuously recorded. Further, the period of comparison began after 4 months of
commissioning of the system. Thus it is hard to compare the two methods of water
temperature modeling. The key feature to be noted is that the present exercise is the first
attempt to model the water temperature using a non-classical new solution technique in a
fully operational GHX using recirculation. The refinement of the model from extensive
statistical analysis of the data is left as a future research endeavor. Better temperature and
flow rate measurements at the EERC equipment room will be required to ensure
appropriate water temperatures to be used for model comparison.
In conclusion, it is believed that the close match observed between the finite
element solutions and the analytical /semi analytical solutions developed in this
dissertation clearly establishes the validity of the solutions. The reason of somewhat
higher than expected differences between the modeled and water temperatures derived
from observed data may lie primarily with the way the average water temperature is
obtained from the measured data.

Equivalent Full Load Heating / Cooling Hours
Equivalent full load hours (EFLH) are key information required for the initial
evaluation of GSHP systems. ASHRAE research project 1120-TRP (Carlson and
Thornton, 2002) established EFLH values related to climate and building type for both
heating and cooling based on a study of 24 buildings that were monitored over a period of
time. The monitored data was analyzed to develop a simplified building model that was
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used to compute the heating and cooling loads in the specified locations in several
climate zones using the TMY-2 database. The installed capacity at various locations was
determined by relating to the peak load using a constant sizing ratio given as:
S

e Load

Sizing ratio = —p-a--—------24.Qcapacity

(9.20)

The results were used to publish the EFLH values for many locations out of which
data for three locations are shown in Table 12 The locations are chosen having colder
climates and would have weather characteristic similar to the Grand Forks’ weather.
Table 12. Equivalent Full Load Hours for some of the Cold Locations in USA
Annual Hours for
Office -8 to 5 (Five days/ W k)

EFL Hours
for Cooling

EFL Hours
for Heating

250-540
210-490
320-610

950-990
820-890
860-950

Bismarck, ND
Great Falls, M T
Minneapolis, MN

Our monitored data has been used to compute the EFLH for this building for
2006, and these are:
•

EFLH (Cooling): 857 hours, and

•

EFLH (Heating): 169 hours
The figures are distinctly different from the figures in the Table 12, and show

opposite trends. Considering the fact that in the last decade, several years are hottest
years of recorded climate data, this may not be surprising. Table 12 refers to situation
where night set back is not used. The authors of the report indicated that if night setback
is applied then the heating EFLHs are reduced by 20% while the cooling EFLHs come
down by 5%. The cooling EFLH comparison worsens after this correction is applied.
Apart from the changing weather pattern, other causes that may be ascribed to this trend
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reversal would be the good quality of insulation used in the modem constructions and
higher internal gains due to the presence of office and other equipment in the building.
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CHAPTER 10
SUMMARY AND CONCLUSIONS
Analytical Solution
The early response characteristic of the ground heat exchanger (GHX) is
important in the design process of the GSHP system as the key design output, the
aggregate depth of the boreholes required is determined by the peak entering water
temperature (EWT) limit. At any given moment the EWT is the resultant of the long term
and the short term thermal response of the ground to building load history. The EWT is
determined by applying the principles of time varying boundary conditions in heat
conduction problems. Currently there is no analytical model that captures the short term
thermal response to a reasonable degree as current models are all based on the
assumption of steady flux across the borehole boundary. Consequently the researchers
and the designers have used empirically summarized results of experimental
investigations or numerical simulations.
In this dissertation the aggregate circulating fluid has been modeled as a ‘virtual
solid’ (VS) with the building heat released as energy generated within the borehole. The
U-tube is replaced by an e-tube that is a solid rod with a diameter y/1 times the actual tube

OD of the single tube of the U-tube assembly. The thermal capacity of the e-tube is the
aggregate thermal capacity of the fluid. A solution originally developed by Blackwell
(1954) has been used to obtain directly the dimensionless temperature- the G-value (k#/q)
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of the core where 6 is the temperature excess (average fluid, temperature). The G-value is
a function of three dimensionless parameters, i.e, the Fourier no. (dimensionless time:
Fo), the ratio of the thermal capacities of the core to that of an equivalent volume of the
medium displaced by it and the Biot no. (hD/k). The behavior of the solution has been
investigated using several reference mediums of different thermal properties and different
ratios of fluid mass in the aggregate system to the fluid mass in the U-tubes (LpR). The
following has been observed:
«

As may be expected, the systems with higher LpR values damp the
temperature response of the GHX to a greater degree. The temperature rise
is quantifiable even in the shorter time frame.

« The time to reach steady flux condition is nearly independent of the LpR
ratios.
«

Systems with lower thermal core capacity absorb a greater proportion of
the released energy.

While in the steady flux (the line source and the cylindrical source) solutions, the
thermal capacity of the medium enters the equation only through the Fourier no., in the
new VS solution it enters the equation also through the S/Sc ratio and is of greater
significance in the early time response than previously thought.
The VS solution results have been also compared with that from 2-D finite
element (FE) models for a single pipe core and for the U-tube assembly.

The results of

the FE model with a single tube core and the VS solution completely agree with each
other and serve the useful purpose of validation. For the U-tube geometry with the two
legs in contact with each other, the solutions match if the value of the Biot no.
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corresponds to a length scale twice the OD of a single tube. This has been found to be
true in all other cases of different tube sizes and thermal properties of the medium. This is
indeed a significant observation as this enables direct computation of the fluid
temperature in a real U-tube geometry without resorting to either an equivalent diameter
or a steady flux assumption. Further it has been established that even if the two legs of
the U-tube are at a distance with a specified spacing ratio (SpR), the two solutions match
closely only if the spacing ratio is less than a threshold value. At the higher SpR the plots
of the FE results and the VS solution intersect each other and the values diverge both at
the lower and the higher Fo values. It has been seen that under identical fluid flow
conditions, the VS solution remains valid for the high conductivity soils for greater tube
spacing than for the soils with lower conductivity. Increased tube spacing is equivalent to
an increased fluid flow rate for obtaining higher Reynolds no. and Nusselt no. The VS
model consequently may be used for quantitative cost-benefit analysis for the usage of
spacers or alternatively increasing the pumping energy to stimulate greater heat transfer
through improvement of the convective film coefficient - h.
The VS solution is directly applicable to homogeneous media. Composite media
FE solutions have been used as the reference solutions for extending the VS solution with
appropriate parameter values to the grouted boreholes. At the initial stages of a step heat
input in the borehole, the thermal front is within the grout envelope and has not seen the
borehole boundary. Consequently the Biot no. applicable in the VS solution in the early
stage is determined by the tube spacing ratio and the thermal conductivity of the grout.
Thus the early stage G-values does not depend on either the borehole diameter or on the
medium conductivity. The Tate stage’ response is obtained by adding a steady state
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differential borehole resistance (ARb) to the G-value line for the step heat response in the
homogenous medium using the appropriate parameters in the VS solution. In the
intermediate stage, the solution can be obtained only through curve fitting and correlating
with other physical parameters. This has been left as a future research endeavor.
Semi-analytical Solution
The short term thermal response problem has also been addressed using an
alternative approach. A solution in the Laplace domain for the problem with the
appropriate boundary conditions was obtained with much algebraic manipulation. The
inverse for the Laplace domain solution that would have resulted in the analytical
solution in the time domain could not be developed through standard techniques, but has
been obtained using numerical methods. There are several methods available for this
procedure. A preferred method is the Gaver-Stehfest (GS) algorithm developed in the
1960s.
The GS numerical algorithm was used to compute the results from this approach.
These were compared with the analytical solutions already developed for the
homogenous media and for a single cylindrical core. Three different types o f media were
chosen and the analytical solution produced both the fluid temperature (FT), and the core
boundary temperatures (CBT) independently. It was found that the GS method results
match the analytical solutions perfectly for single cylindrical core.
For the U-tube geometry, the GS results were compared with the FEM solutions.
It was found, as before, that if the two legs are in close proximity, the Biot no. used in the
GS method should be based on twice the diameter of the individual tubes. When the legs
are moved at a distance equal to the tube diameter, the GS solution can be matched with
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the FEM results, if the Biot No is somewhat increased. The GS algorithm can also
accurately model the borehole temperature and may be used for data interpretation during
the thermal response test. Compared to the fluid temperature, the mean borehole
temperature changes less significantly due to change in spacing ratio which is often
difficult to maintain. If the borehole temperature instead of fluid temperature becomes the
measured parameter in the thermal response tests (TRT), useful data may be obtained
much earlier, and this allows the duration of the tests to be reduced. The experimental
difficulty in accurately positioning the temperature probe however needs to be
recognized.
Experimental Work and Comparison
Apart from developing appropriate models for the short term thermal response of
the GE1X, another objective of this research was to study the long term effect of heating
and cooling load imbalances on the GHX thermal profile. Ground temperatures at some
key points inside the GHX were continuously monitored from December, 2005 through
March, 2007. At the same time, the fluid temperatures in the heat pump loop and the
GHX loop were obtained to quantify the heat extracted from and rejected in the GHX.
The GHX is built in Lake Agassiz clay which has a very low thermal conductivity and
low diffusivity. This makes the flux build up stage a slow process. The fluid temperature
data was also used to examine how well the measured values compare with modeled
thermal response computed through the analytical and semi-analytical models developed
in this dissertation.
The thermal conductivity (k) of the subsurface strata is a key parameter
required in all the models. Normally this is determined by using a thermal response test.
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In our works, the k-values were ascertained by direct measurement of available soil
samples, and extending the results through available geologic observations. Direct
measurement was done using the thermal probe method on the samples in the uppermost
unit of the multi-layered strata in which the boreholes were drilled. Since this is a lake
sediment stratum, similar values are expected for other lake sediment strata that cover
nearly 70% of the borehole depth. Other available geologic data e.g., water content,
mineralogical composition, size fraction etc., were

examined and a simple mixing law

was applied to estimate the k-value for the two glacial deposit layers. The overall k-value
using this approach was found to be 1.14 W/m.K.
The ground temperature at the points of observation were computed using a line
source approach and taking into account only the thermal impact of the boreholes in the
two neighboring blocks. The modeled temperature changes compare very well with the
actually observed changes in the ground temperature. The ground temperature data was
used to determine the effective k value for the borefield and the undisturbed ground
temperature (T0). Parametric analysis yield a value of k = 1.16 W/m.K, and T0 at 48.5°F.
This compares very well with the value of 1.14 W/m.K determined from the direct
measurement and geologic parameters. For the undisturbed ground temperature, the only
reference available for comparison is an earlier 1988 measurement of 47°F at the UND
campus. The divergence of 1.5°F between the two values of the undisturbed ground
temperatures is considered reasonable. The close agreement observed between the
modeled ground temperature and the actual measured ground temperature enable us to
project the future trend of the ground temperatures inside the GHX with reasonable
confidence. It is found that if the current trends of q values continue the ground
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temperature at the borehole boundary may go up by 12°F in the first five years and by
16°F in the first ten years of operation. Thus, it would be in the best interest of the owner
to balance the net q' in the GHX by transferring more heating loads to the GHX, so as to
manage the net annual q' to a reasonable degree.
For the comparison of the modeled and measured water temperature, the average
water temperature (Tavg) is computed from the measured temperature using a formula that
has been derived. It is found that the Tavg is related to the relative ratio of mass of the
fluid in the building loop and heat pump loop, the ratio of the respective flow rates and
the degree of recirculation. The computed Tavg is also based on further assumptions i.e.,
the average temperature of the two fluid masses in the two blocks being exactly half of
the extreme values, and the mixing chamber geometry limits mixing in the “pass
through” stream with the higher flow rate, and allows mixing only in the recirculating
stream. The Tavg values computed in the above manner have been used for comparison
with the modeled average fluid temperature. Comparison between the two on a typical
summer day showed that that the observed temperature appears damped in comparison to
the modeled values and at the peak level of fluid temperature, the two differ by about 4
°F. This is somewhat higher than expected. Considering that the present exercise is the
first attempt to model the water temperature using a non-classical new solution technique
in a fully operational GHX using recirculation, this match is considered as a good start.
The refinement of the water temperature model from extensive statistical analysis of the
captured data is left as a future research endeavor. Better temperature and flow
measurements at the pump rooms may be required to ensure appropriate water
temperatures to be used for model comparison.
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From the building heating and cooling load data, the effective full load hours
(EFLH) for this installation have been computed. It is found that these values are
distinctly different from the standard figures used by the designers (published by
ASHRAE). From the standard data, it was expected that for the Grand Forks weather
conditions, the heating EFLFI would be nearly three times the cooling EFLH. What has
been found is exactly the opposite. Considering the fact that in the last decade, several
years are hottest years of recorded climate data and the current trends of internal gain due
to office equipment, this may not be surprising
The close match observed between the finite element solutions and the analytical
/semi analytical solutions developed in this dissertation clearly established the validity of
the analytical and semi-analytical solutions developed. It is concluded that the reason of
a disappointing agreements between the water temperatures lies primarily with the way
the average water temperature is obtained from the measured temperature values in the
pump room.
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Appendix -A
NOMENCLATURE

b

Borehole radius m

c

Specific heat Joules/ kg.K (BTU/lb. °R)

COP

Coefficient of Performance

CS

Cylindrical Source

D

Diameter m (ft)

G

Dimensionless temperature (k0/q)

h

Convective heat transfer coefficient /Film coefficient W/m2.K (Btu/h.ft2.

°F)
k

Thermal conductivity W/m. K (Btu/h.ft. °F)

k*

kg/ks

L
LpR

Characteristic length m (ft)
Loop Ratio: Ratio of total fluid mass in the system to the fluid mass in the

boreholes
LS
q

Line Source
Rate of heat generated (building load) per unit length of borehole W/m

(Btu/h.ft)
q'
r

Rate of heat transferred per unit length of borehole W/m (Btu/h.ft).
Radius m (ft)

r*
r/rc Non-dimensionalized radius , where rc (core radius) = ~j2rQ, when
the core is formed by a single U-tube
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R

Thermal resistance m2.K/W (ft2.h. °F/BTU)

s

Laplace Transform variable

5

Thermal capacity per unit length of a cylindrical body Joules/ m. °C

(BTU/ft. °F)
SG

Standard Grout

SpR

Tube spacing Ratio: Ratio of distance between the two tube walls to the

tube outer radius
T

Temperature °C (°F)

TEG

Thermally Enhanced Grout

u

Integration variable (dummy variable)

VFD

Variable Frequency Drive

Dimensionless Numbers

Bi

Biot number

Fo

Fourier number

'hL '

k
at
T
K r‘

J

Greek Symbols
a

Thermal diffusivity ft2/ hr (m2/s)

j8

Ratio of S for the medium displaced to Sc (thermal capacity of the core per

unit length)
7

J a g/ as

<J>

Recirculation ratio

6
(t- tM) —temperature excess (above or below the undistributed ground
temperature.
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p

T

Density kg/m3 (lb/ft3)
Time s

Subscripts/ Superscripts
*

Dimensionless

bb

Borehole boundary

c

Core

cb

Core boundary

eq

Equivalent

f

Fluid

g

Grout ( Filling in the borehole)

i

Inside

0

Outside

P

Pipe

s

Soil/Medium (Ground)

sf

Steady flux
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Appendix B
______ G round S o u rce H eat P um p S ch e d u le _________

Tag

CFM

Cooling
GPM EDB EWB EWT

HP1
HP2
HP3
HP4
HP5
HP6
HP7
HP8
HP9
HP10
HP11
HP12
HP13
HP14
HP15
HP16
HP17
HP18
HP19
Hp20
HP21
HP22
HP23
HP24
HP25
HP26
HP27
HP28
HP29
HP30
HP31
HP32
HP33
HP34
HP35
HP36
HP37
HP38
HP39
HP40
HP41
HP42
HP43
HP44

600
600
1500
350
600
600
900
1300
400
350
1100
900
2100
1500
350
900
350
600
600
750
750
900
350
750
750
350
1500
1100
350
900
2100
1300
600
600
900
750
1300
600
750
900
350
4000

4.0
4.0
6.1
1.5
4.0
4.0
4.5
6.1
1.9
1.5
5.7
4.5
13.0
6.1
1.5
4.5
1.5
4.0
4.0
3.9
3.9
4.5
1.5
3.9
3.9
1.5
6.1
5.7
1.5
4.5
13.0
6.1
4.0
4.0
4.5
3.9
6.1
4.0
3.9
4.5
1.5
18.0

80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80
80

67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67
67

750

3.9
200.7

80

67

Tons

Total

Sensible

kW

EDB

Heating
EWT

BTU

kW

70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70

21,558
21,558
48,097
10,243
21,558
21,558
31,148
47,273
14,131
10,243
39,092
31,148
69,274
48,097
10,243
31,148
10,243
21,558
21,558
26,076
26,076
31,148
10,243
26,076
26,076
10,243
48,097
39,092
10,243
31,148
69,274
47,273
21,558
21,558
31,148
26,076
47,273
21,558
26,076
31,148
10,243
130,869

15550
15550
36452
7757
15550
15550
20889
34336
9988
7757
28383
20889
52348
36452
7757
20889
7757
15550
15550
17734
17734
20889
7757
17734
17734
7757
36452
28383
7757
20889
52348
34336
15550
15550
20889
17734
34336
15550
17734
20889
7757
97433

1,420
1,420
3,148
646
1,420
1,420
2,353
3,105
986
646
2,541
2,353
4,402
3,148
646
2,353
646
1,420
1,420
1,767
1,767
2,353
646
1,767
1,767
646
3,148
2,541
646
2,353
4,402
3,105
1,420
1,420
2,353
1,767
3,105
1,420
1,767
2,353
646
9,345

70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70

30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30

15,160
15,160
33,573
7,507
15,160
15,160
21,476
32,986
10,145
7,507
25,730
21,476
48,844
33,573
7,507
21,476
7,507
15,160
15,160
18,410
18,410
21,476
7,507
18,410
18,410
7,507
33,573
25,730
7,507
21,476
48,844
32,986
15,160
15,160
21,476
18,410
32,986
15,160
18,410
21,476
7,507
91,469

1367
1367
3038
616
1367
1367
2104
3082
952
616
2446
2104
4438
3038
616
2104
616
1367
1367
1697
1697
2104
616
1697
1697
616
3038
2446
616
2104
4438
3082
1367
1367
2104
1697
3082
1367
1697
2104
616
9052

70

26,076
1,324,376

17734

1,767
89,764

70

30

18,410
926,137

1697
85,970

70

77.2

293,330

306,275

110.4

3.2

4.3
HP43
Total

44.0

Cooling
not
used 179,000.0
14.9
125

279,000
23.3
100.4
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